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2ABSTRACT
This th e s is  is concerned fo r the m ost p a rt with a m ic ro ­
scopic descrip tio n  of a lp h a -p a rtic le  sc a tte r in g  as a m eans of s tu d y ­
ing n u c lea r s tru c tu re . Both e la s tic  and in e las tic  sc a tte r in g  a re  
considered . E la s tic  sc a tte r in g  is analysed  in te rm s  of the usual 
optical m odel and in e las tic  sc a tte r in g  by both coupled channels and 
d is to rted  wave B orn approxim ation (DWBA) m ethods.
The ta rg e t nuclei a re  described  in te rm s  of the sim p le  sh e ll
model and an effective alpha-nucleon in te rac tio n  re la ted  to the free
42pro ton-alpha  e la s tic  sc a tte r in g . The nuclei considered  a re  Ca 
50and T i which in te rm s  of the sim ple  sh e ll model a re  d e sc rib ed  as 
a c losed  co re  plus two iden tica l e x tra  core  nucleons. D ifferences 
found betw een the s tru c tu re  of the two nuclei a re  noted.
The re su lts  of the m icroscop ic  d escrip tion  of e la s tic  s c a t ­
te r in g  a re  com pared  with re su lts  found in a conventional phenom eno­
log ical optical m odel analy sis . In the phenom enological analysis  
the c r i te r ia  fo r the se lec tio n  of optical potentials a re  stud ied  in 
som e detail and new c r i te r ia  proposed.
The re su lts  of the m icroscop ic  d escrip tion  of in e la s tic  s c a t ­
te r in g  a re  com pared  with ro ta tiona l m odel calcu lations. D ifferences 
betw een the re su lts  found by coupled channels and DWBA m ethods 
a re  noted to g e th er with th e ir  re la tiv e  m e rits . The m icro scop ic  d e s ­
crip tion  of in e las tic  sc a tte r in g  is considered  in conjunction w ith 
both m icroscop ic  and phenom enological op tical po ten tials. The 
effects that the choice of optical potential has on in e las tic  s c a tte r in g  
a re  exam ined.
The extent to which the m icroscop ic  model can y ield  n u c le a r  
s tru c tu re  inform ation, its sen sitiv ity  and its  lim ita tions a re  d i s ­
cussed . F u r th e r  extensions of th is w ork a re  suggested.
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C hapter 1
Introduction
The e la s tic  and in e las tic  sc a tte r in g  of a lp h a -p a rtic le s  has 
proved to be a v e ry  usefu l m eans of investigating  the s tru c tu re  of 
nuclei. D irec t reac tion  th eo rie s  fo r the sc a tte r in g  m echanism  have 
given good ag reem en t with the observed  angu lar d istribu tions. 
C onsidering  the in e las tic  sc a tte r in g  m echanism  as known, we can 
e x tra c t detailed  inform ation  on the na tu re  of the n u c lea r s ta te s  
which a re  excited . The values found fo r  spin, p a rity  and tra n s itio n  
ra te s  a re  g enera lly  in good agreem ent with values de te rm ined  by 
o th er m eans.
It m ust be made c le a r  that in a ll m ethods of investigating  
nuclei only the s im p le s t n u c lea r p ro p ertie s  can be in fe rred  e s s e n ­
tia lly  d irec tly  from  experim ent, fo r exam ple the position of energy  
lev e ls . F o r  m ore com plex p ro p erties  such as n u c lea r s tru c tu re , 
which is of p a rtic u la r  in te re s t in th is w ork , such d irec t analy sis  
is not possib le. The n u c lea r s tru c tu re  is not an observab le , but it 
influences and re fle c ts  itse lf  through o b servab les. The approach  is 
th e re fo re  to co n stru c t m odels of the nucleus from  which ob serv ab les  
can be calcu lated  and com pared  with experim en t.
At m edium  energ ies e la s tic  sc a tte r in g  is genera lly  analysed  
by m eans of the O ptical Model (Ho63), h e re  the com plex in te rac tio n s  
betw een the nucleons of the ta rg e t and those of the p ro jec tile  a re  
approxim ated  by an a ttrac tiv e  sp h e rica lly  sy m m etric  potential. To 
allow fo r in e las tic  p ro ce sses  an im ag inary  component is in troduced  
into the potential which has the effect of absorb ing  p a rtic le s  from  
the e la s tic  channel. D irec t ine las tic  sc a tte r in g  is g en era lly  a n a ly ­
sed  by the Extended O ptical Model (To65). H ere the ta rg e t nucleus 
is considered  as a non sp h e rica l potential and the sc a tte r in g  a n a ly ­
sed  in te rm s  of ro ta tiona l and v ib ra tiona l excita tions.
A n a tu ra l extension of these  m odels is to  rep lace  the 
phenom enological potentials by a m icroscop ic  d escrip tio n  of the 
sc a tte r in g  m echanism . The ta rg e t nucleus can fo r exam ple, be
d escrib ed  by the n u c le a r  sh e ll m odel and the in te rac tion  with the 
a lp h a -p a rtic le  tre a te d  as a sum  of tw o-body in te rac tions w ith each 
of the ta rg e t nucleons. The n a tu re  of the a lpha-nucleon  in te rac tio n  
is then taken from  the analysis  of p ro ton-alpha  e la s tic  sc a tte r in g , 
m aking the assum ption  that the p ro ton-alpha  and the neu tron -a lpha  
in te rac tio n s a re  the sam e. If such a m odel proved to be s u c c e s s ­
ful, it could, with its  d irec t te s t  of m icroscop ic  ideas, be expected 
to yield m ore deta iled  inform ation  of the n u c lea r s tru c tu re  than 
m odels em ploying phenom enological po ten tials. W ork along th ese  
lines fo r a lp h a -p a rtic le  and a lso  proton sc a tte r in g  has been r e p o r ­
ted  by se v e ra l au tho rs (G165, A1 66, Ma 65, Ba 65, Fu 64, Sa 66,
Yn 67) and it is w ith th is approach tha t th is  th e s is  is concerned .
Such a m icroscop ic  approach, in the case  of e la s tic  e le c ­
tro n  sc a tte rin g , is w ell e s tab lished  (Ho 57, E l 61) w here the 
fo rm alism  allows a d irec t connection to be m ade betw een the c ro s s -  
section  and the charge density  d istribu tion  in the ground s ta te . F o r  
the e lec tro n  sc a tte r in g  case  the effects of in te rm ed ia te  excita tion  
of excited  s ta te s  a re  v e ry  sm a ll and m ay safe ly  be neglected . This 
is no longer the case  w here the p ro jec tile s  a re  a lp h a -p a rtic le s . It 
was pointed out by S a tch le r (Sa 66) that such te rm s  could lead  to  
appreciab le  co rrec tio n s  to the fo rm  of the p red ic ted  op tical po ten ­
t ia ls . In the s im p lest op tical m odel o r  d is to rted  wave B orn  a p p ro ­
xim ation (DWBA) analyses such te rm s  a re  neglected . Since in the 
DWBA fo rm alism  it is n e c e ssa ry  to have an accu ra te  d esc rip tio n  
of the wavefunctions fo r  e la stic  sc a tte r in g , it has been the g en era l 
p rac tice  in the m icroscop ic  d escrip tion  of in e las tic  a lp h a -p a rtic le  
sc a tte r in g  to u se  a phenom enological op tical potential to d e sc rib e  
the e la s tic  sca tte rin g . T his p rocedure  is fo rm ally  c o rre c t  and 
im plies th e re  a re  no fre e  p a ra m e te rs  in the descrip tio n  of e la s tic  
sc a tte r in g . It a lso  allow s an accu ra te  tre a tm e n t of m ultip le  s c a t ­
te r in g  in the d escrip tion  of the e la s tic  sc a tte r in g  (Sa 66), w hile the 
e r r o r  in the trea tm e n t of m ultiple sc a tte r in g  in the off-d iagonal o r  
in e las tic  p a rt of the in te rac tio n  m ay be com pensated  by m odification
of the effective two body in te rac tion  (Ja  69). It has been argued, 
how ever, (Ja 65, J a  69) th a tth is  a rb i t r a ry  adjustm ent of the e ffe c ­
tive  in te rac tio n  fo r the in e las tic  sc a tte r in g  to g e th er with the am b ig ­
u itie s  in the op tical potential leads to a c e rta in  inconsistency  in the 
trea tm e n t of e la s tic  and in e las tic  sca tte rin g . A m icro scop ic  d e s ­
c rip tio n  of e la s tic  sc a tte r in g  could help to rem ove the u n ce rta in tie s  
in the p a ra m e te rs  of the tw o-body in te rac tion , and the s e l f -c o n s is ­
tency  c rite r io n  could be usefu l fo r  the d esc rip tio n  of s c a tte r in g  of 
s trong ly  absorbed  p ro jec tile s , fo r  which am biguities in the s tren g th  
of the optical potential a re  w ell known. In th is  w ork we approach  
the problem  both w ays. A wide range of phenom enological op tical 
potentials a re  considered  vary ing  in depth from  very  shallow  to v e ry  
deep. The c r i te r ia  which op tical poten tials need to  sa tis fy  a re  a lso  
investigated  in som e deta il. O ptical po ten tials based  upon a m ic ro ­
scopic d escrip tio n  a re  a lso  considered . As the m odel neg lec ts  
m ultip le sc a tte r in g , the optical potential found is purely  re a l. In 
o rd e r  to  use  th ese  potentials to calcu late  sc a tte rin g , it is n e c e s sa ry  
to in troduce an im ag inary  component and the m anner in which th is  
is done is d iscu ssed  in ch ap ter 3.
In addition to the usual DWBA, in e las tic  sc a tte r in g  is a lso  
calcu lated  by m eans of the coupled channels method. Though f i r s t  
fo rm ulated  in 1933 by Mott and M assey  (Mo 65), th is  la t te r  m ethod 
has only in recen t y ea rs  becom e a p rac tic a l m ethod of so lu tion  with 
the advent of high speed com puters. The coupled channels m ethod 
has the advantage that it au tom atica lly  includes som e of the m ultip le  
sc a tte r in g  te rm s  (those fo r the coupled s ta te s )  neglected  by DWBA 
and optical m odel calcu lations, and thus overcom es som e of the 
th eo re tic a l objections to the full m icroscop ic  d escrip tio n  of the 
p ro cess  a lread y  d iscussed . A com parison  of the re su lts  obtained 
by the two m ethods should give som e indication of the extent of the 
effect produced by the coupling.
42 50The nuclei considered  a re  Ca and T i . In the s im p le  
sh e ll m odel both these  nuclei a re  d esc rib ed  as two iden tica l nucleons
2in the If* configuration outside a c losed  co re .
2
42 40Ca = Ca (core) + 2 neu trons
5 fi 48T i = Ca (core) + 2 protons
are.
The experim en ta l sp e c tra  fo r the low lying s ta te s  fts shown 
in figure  1 ,1 .
42Ca T i50
3.191 MeV 6+ 3. 215
2.752 4+ 2. 695
2. 422 2+
1. 838 0+
1. 524 2+ 1. 570
0 0+ 0
F ig u re  1.1
42 50E xperim en tal energy  levels fo r Ca and T i
50The sim ple  energy level s tru c tu re  of Ti can be u n d e r-
42stood in te rm s  of the pure sh e ll m odel. In the case  of Ca we
50note correspond ing  leve ls  of the sam e spin  and p arity  as fo r T i
at ex trem ely  close  excita tion  energ ies . In addition we note the
+ + 50presence  of 0 and 2 leve ls  not found in Ti . F ed e rm an
(Fe 66) showed that the e x tra  levels can be thought of as fo rm ing  a
ro ta tiona l band based  upon the second 0 level. He took two pro tons
from  the si:a^e anc* ra ise d  them  into deform ed I f ,  s ta te s  and
was able to rep roduce  the experim en ta l energy  le v e ls . The co rres*
50ponding situation  in T i is not possib le  due to the filled  1%
42 2neutron  she ll. A lso fo r Ca the experim en ta l values of the
e lec trom agnetic  tran s itio n  p robab ilities  from  an excited  s ta te  to  the
ground s ta te  o r betw een two excited  s ta te s  is fa r  la rg e r  than the
sh e ll m odel values, indicating the p resen ce  of co llective enhance-
48m ents. We thus see  that the evidence suggests that the Ca co re
40is m ore stab le  than the Ca core  and thus it can be expected the
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50 42m odel should be m ore su ccessfu l fo r Ti than fo r Ca . E x p eri-  
m ental a lp h a -p a rtic le  sc a tte r in g  data is  availab le  fo r both nuclei at 
two bom barding e n erg ies . A nother reaso n  fo r  the choice of nuclei 
is  the ease  with which the w avefunctions m ay be constructed  with 
only two e x tra  co re  nucleons.
The w ork follows on from  that rep o rted  by Jackson  (Ja 65) on
42Ca but with s e v e ra l notable im provem ents. F i r s t ,  the o sc illa to r  
w avefunctions used  in  that w ork to d esc rib e  the ta rg e t nucleus, and 
which have an in c o rre c t asym ptotic  fo rm  a re  rep laced  by w ave­
functions generated  in a Saxon Woods potential w ell. A lso in the .
42case  of Ca configuration m ix ture  wavefunctions a re  considered, 
using  adm ix tu re  coefficients calcu lated  by Law (La 68).
The m odel assu m es that the fo rm  of the alpha-nucleon  in te r ­
action  fo r  a nucleon in the nucleus is s im ila r  to that fo r a free  
nucleon and tha t the com plex effects of m any body fo rces  can be 
com pensated by sm a ll changes in the po ten tial p a ra m e te rs . It is 
questionable that the p resence  of the o th e r nucleons can so sim ply  
be tre a te d . A calcu lation  is done in which the fo rm  of the a lp h a - 
nucleon in teraction  is made dependent upon the n u c lea r density , thus 
sim ulating v e ry  sim p ly  the p resence  of o th e r nucleons. In th is  way 
the influence of nucleons deep in the n u c lea r in te r io r  is reduced , and 
the sen sitiv ity  of the re su lts  to th is p a ra m e te risa tio n  is studied.
A nother problem  with the m odel is  the fac t that a lp h a -p a rtic le s  
being s trong ly  absorbed  by nuclei tend to be only sen sitiv e  to the 
m agnitude of the fo rm  fac to r in the region  of the n u c le a r su rfa ce  
but not to any extent sen sitiv e  to the shape of it. T his lim its  the 
am ount of fine s tru c tu ra l  de ta il that can be found.
The genera l re su lts  of o ther peoples w ork tend to suggest 
that the magnitude of the p red ic ted  in e las tic  s c a tte r in g  c ro s s -s e c tio n s  
a re  fa r  low er than  the experim en ta l v a lues. The sam e is a lso  
tru e  of s im ila r  analyses of ine las tic  proton sc a tte r in g . A greem ent 
in m agnitude of c ro s s -s e c tio n s  with data can be obtained by enhanc­
ing the p ro jec tile -n u c leo n  in te rac tion . A ju stifica tion  fo r  such  an
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enhancem ent has been d iscu ssed  by S a tch le r (Sa 66), who suggests 
that the model m ay neglect im portan t co llective  c o rre la tio n s , v i r ­
tua l tran s itio n s  m ay lead  to co re  p o la risa tio n  with a re su ltin g  
ren o rm a lisa tio n  of the in te rac tion . A calcu lation  based  upon th ese  
ideas has been rep o rted  by Love and S a tch le r (Lo 67),
In chap ter 2 the theo ry  of sc a tte r in g  is d iscussed . The 
coupled equations a re  derived  and th e ir  re la tio n  to the DWBA shown. 
In chap ter 3 the coupling m atrix  e lem ents fo r the m icroscop ic  m odel 
a re  derived  and the fo rm  of the op tical potentials both phenom eno­
log ical and due to the m icroscop ic  m odel is exam ined. F o r  a co m ­
parison  the ro ta tiona l m odel is a lso  included. The fo rm alism  of 
chap ters  2 and 3 form  the b asis  fo r the com puter p rog ram m es 
coding with which the calcu lations w ere  perfo rm ed .
In chap ter 4 the re su lts  of the analysis  of e la s tic  s c a tte r in g  
a re  p resen ted . O ptical potentials based  on the m icro scop ic  m odel 
a re  found and the resu ltin g  sc a tte r in g  com pared  with that found by 
using phenom enological po ten tials. C hap ter 5 gives the re su lts  of 
the in e las tic  sc a tte r in g  ana ly sis . The m icro scop ic  m odel is  c o n ­
s id e red  in conjunction with both phenom enological and m icro scop ic  
optical potentials and com pared  with re su lts  of a ro ta tio n a l m odel 
ana ly sis . R esu lts of coupled channels and DWBA calcu lations a re  
a lso  com pared.
C hapter 6 p resen ts  the conclusions to be draw n from  th ese  
calcu lations and suggestions fo r possib le  extensions to the w ork a re  
made.
C hapter 2
S ca tte rin g  T heory
2.1 Introduction
The sub ject of sc a tte r in g  is dealt with in a lm ost any te x t­
book on Quantum M echanics. In th is  w ork we a re  in te re s te d  in 
a lp h a -p a rtic le  sc a tte r in g , both e la s tic  and in e las tic  to the low lying 
s ta te s  of the ta rg e t nucleus. The in tr in s ic  s tru c tu re  of the low lying 
s ta te s  can be though t of as not d iffering  v e ry  much from  tha t of the 
ground s ta te . Those that do, lie  a t a m uch h igher energy. F o r  
exam ple, on the sh e ll m odel p ic tu re  one m ay have a nucleus con­
s is tin g  of a sm a ll num ber of nucleons outside a closed  c o re . The 
low est s ta te s  m ay then d iffer from  one ano ther e sse n tia lly  only in 
the s ta te s  of th ese  e x tr a  co re  nucleons. A lte rn a tiv e ly  one m ay be 
thinking in te rm s  of a ro ta tiona l m odel w here one has a perm anen tly  
deform ed nucleus, the low est s ta te s  can then be thought of as c o r r e s ­
ponding sim ply  to d ifferen t s ta te s  of ro ta tiona l m otion of the sy s tem . 
In e ith e r  case  when considering  sc a tte r in g  involving tran s itio n s  from  
the ground s ta te  to the low lying s ta te s  one can think in te rm s  of a 
"d irec t reac tio n " , c h a ra c te r ise d  by a sh o rt period  of in te rac tio n  
involving a sm a ll num ber of d eg rees of freedom . F o r  the sh e ll 
m odel case  these  a re  the deg rees of freedom  of the e x tra  co re  
nucleons. F o r  the ro ta tiona l m odel one is considering  the d eg rees  
of freedom  d escrib ing  the ro ta tion .
It is th is  p ro cess  of a d irec t reac tio n  involving a m inim um  
of rea rran g e m en t which is of in te re s t, the th eo ry  of which w ill be 
developed in the following sec tions. An a lte rn a tiv e  m echanism  
which com petes with the d irec t reac tio n  is w here the p ro jec tile  
com bines with the ta rg e t nucleus to fo rm  an in te rm ed ia te  quasi - 
s ta tio n a ry  s ta te , o r  compound nucleus. The subsequent decay of 
the compound nucleus can occu r in m any ways and the con tribu tion  
to  any one channel is genera lly  sm a ll. The to ta l c ro s s -s e c tio n  fo r  
compound nucleus fo rm ation  shows pronounced reso n an ces w ith
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changing bom barding energy. The d istinc tive  fea tu re  of d ire c t 
reac tio n s , on the o th e r hand, is tha t the d iffe ren tia l c ro s s -se c tio n s  
show a s tro n g  dependence on the d irec tion  of em ission  of s c a tte re d  
p a rtic le s  and a sm ooth dependence upon bom barding energy . As the 
energy  in c re a se s  the width of the compound nucleus resonances a lso  
in c re ase . E ventually  the width in c re a se s  to the point w here the 
life tim e has d ec rea sed  suffic ien tly  to be com parab le  with the n u c le a r 
tra n s it  tim e , and the concept of compound nucleus fo rm ation  b reaks 
down. B efore th is  stage  is reached  how ever, the e v e r in c re as in g  
overlap  betw een the various compound nucleus s ta te s  re su lts  in a 
sm oothing o v er of the resonance  effects which com plicate  d ire c t 
reac tion  an a ly sis . T here  is how ever evidence (Gr 65) tha t resonance  
effects can s t i l l  be im portan t at en erg ies  as high as 30. 5 MeV.
In the O ptical Model of e la s tic  sc a tte r in g , the com plex in te r ­
actions betw een the nucleons of the ta rg e t and those of the p ro je c ­
tile  a re  approxim ated  by a phenom enological a ttrac tiv e  sp h e ric a lly  
sy m m etric  potential. This potential is  u sua lly  taken as lo ca l and 
energy  dependent. The only allow ance fo r in e las tic  and o th e r p ro ­
c e sse s  is the inclusion of a com plex component in the potential 
which has the effect of absorb ing  p a rtic le s  from  the e la s tic  channel. 
The d irec t reac tio n  theo ry  can be thought of as an extension  of the 
O ptical Model to  include in e las tic  p ro c e sse s . This was f i r s t  done 
in the case  of in e las tic  sc a tte r in g  by Yoshida (Yo 56) and by C hase, 
W ilets and Edm onds (Ch 58). The m odel takes the O ptical Model 
as the f i r s t  approxim ation  but in troduces an additional in te rac tio n  
affecting som e sim ple  in te rn a l deg rees of freedom  of the ta rg e t  
nucleus, thus giving r i s e  to  in e las tic  p ro c e sse s .
Once a choice is made of m odels to d esc rib e  the ta rg e t  
nucleus and p ro jec tile , the p rocedure  fo r  solving the re su ltin g  
sc a tte r in g  problem  is , in p rincip le , de te rm ined . In p rac tic e  how ­
e v e r one is not able to  solve the p a rtia l d iffe ren tia l equations 
re su ltin g  from  the S chrodinger equation d irec tly . This is due
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esse n tia lly  to the ex istence  of many bound s ta te  solutions as w ell as 
sc a tte r in g  so lu tions to the equations. Some approxim ation  is n e c e s ­
sa ry . The m ost popular is  the DWBA, th is  re p re se n ts  a f i r s t  o rd e r  
p e rtu rba tion  solution to the equations. An a lte rn a tiv e  approxim ation, 
as m entioned in ch ap ter 1, is  the coupled channels method (Bu 63,
Ta 65, Wi 63, G1 67). In th is  m ethod the to ta l wavefunction is e x ­
panded in te rm s  of the eigen s ta te s  of the n u c lea r H am iltonian and 
in th is m anner an infinite se t of coupled o rd in a ry  d iffe ren tia l equa­
tions is obtained. The approxim ation then  co n sis ts  of te rm in a tin g  
the coupling at som e fin ite num ber of s ta te s , that is , to ignore 
h igher excited  s ta te s . The now finite num ber of coupled equations 
is then  solved exactly . T his m ethod has a m ajo r advantage over 
the DWBA fo r  sc a tte r in g  in which m ultiple excita tion  is im portan t.
In coupled channels, the re levan t te rm s  a re  au tom atica lly  included. 
DWBA on the o th e r hand,being only a f i r s t  o rd e r  approx im ation , 
neg lects such te rm s , the correspond ing  h ig h er o rd e r  DWBA m ethods 
which becom e n e c e ssa ry  in such a case  a re  ex trem ely  cum bersom e.
In the following section , in which the genera l fo rm  of the 
coupled equations is  derived , we follow the approaches given by 
W ills (Wi 63) and Glendenning (G1 67). In sec tion  3, the fo rm ulae  
re la tin g  to c ro s s -se c tio n s  a re  form ed. Section 4 deals w ith the 
re la tio n  of coupled channels to  DWBA and to the op tical m odel. In 
p a r tic u la r  it shows how it is possib le  that once the coupled channels 
m ethod is fo rm ulated  fo r a com puter p rogram m e, it is a sim p le  
m odification to p e rfo rm  DWBA calcu lations a lso . This is  im p o r­
tan t as d irec t com parison  betw een the two m ethods is then possib le .
In the th eo ry  we take advantage of the fact that the a lp h a - 
p a rtic le  has no spin  o r  iso -sp in . A lso we assum e that the a lp h a - 
p a rtic le  undergoes no in te rn a l change o r  p o la risa tio n  during  the 
in te rac tion .
15
2. 2 The G eneral F o rm  of the Coupled Equations
We have availab le  a m odel of the nucleus which provides 
wavefunctions fo r the n u c lea r s ta te s . We wish to com pare the des 
c rip tion  of sc a tte r in g  with experim ent that th is  model prov ides.
L et H(r) denote the m odel H am iltonian of the iso la ted  t a r ­
get nucleus, whose in te rn a l coord inates a re  denoted by (r). The 
n u c lea r eigenfunctions 0 ^  (r) sa tis fy  the S chrod inger eigenvalue ' 
equation.
(H(r) -  £ j.)  0jJM (r) = 0  . . . ( 2 . 1 )
w here I rep re se n ts  the nuc lear sp in  with z-com ponent M. The 
su p e rsc r ip t j denotes any o ther quantum num bers n e c e ssa ry  to 
d escrib e  the n u c lear s ta te . T hese wavefunctions sa tis fy  the ortho 
n o rm ality  condition.
^ = *11' 5 MM' * j j '  • • ( 2>2>
F o r  the sy stem  of nucleus and alpha p a rtic le  the H am il­
tonian describ ing  the re la tiv e  m otion can be w ritten
H * H(r) + T + V(R, r)  . . .  (2. 3)
w here T is the re la tiv e  kinetic  energy  o p e ra to r  and V(R, r)  is 
the potential energy  of the in te rac tion  of the a lp h a -p a rtic le  w ith the 
nucleus. The v ec to r R is the d istance betw een the cen tre  of 
m asses  of the nucleus and a lp h a -p a rtic le . Also involved a re  the 
reduced m ass fi of the system  and the cen tre  of m ass energy  
E. The alpha p a rtic le  is assum ed to undergo no in te rn a l change 
during the sc a tte r in g  and thus.no te rm  is n e c e ssa ry  in the H am il - 
tonian to d escrib e  its in te rn a l s tru c tu re .
The tim e independent Schrodinger equation fo r the sy s te m
is
| l l ( r )  + T + V (R , r)l ip (R, r) = E vp (R, r) . . . ( 2 . 4 )
The quantization axis (the z axis) is chosen to lie  along the 
in itia l d irec tion  of the incom ing alpha p a rtic le s . As only even-even
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nuclei, in itia lly  in th e ir  ground s ta te , and sp in less  p ro jec tile s  a re  
considered , th is choice of the z axis im plies that the z com pon­
ent of the to ta l angu lar m om entum  is ze ro .
The n u c lea r eigenfunctions 0 ^ ( r )  form  a com plete se t of 
functions and thus provide a b a s is  fo r  the expansion of the w ave- 
function ^ ( R ,  r) . A p a rtia l wave expansion of the w avefunction 
can now be perfo rm ed . It is convenient to couple the an g u la r p a rt 
of the a lp h a -p a rtic le  w avefunction with the n u c lea r w avefunctions to 
form  e igensta tes of the to ta l angu lar m om entum  L.
>P(R, r)  * 2  ^ ( R .  r)  . . . ( 2 . 5 )
iljL  II
with
(R, r)  = i  U ^  (R) | I I L, j > . . . (2. 6)
II
and w here
I « L, j > = i* Z )  Ctf I L- “ MO) Y™ (0, fi) ff3 (r) . . .  (2. 7) 
mM
In Eq. 7. C(iIL, mMO) a re  the usua l v e c to r coupling o r  C lebsch- 
Gordan coefficients as defined by Rose (Ro 63). The quantum  
num bers i  and m re p re se n t the angu la r m om entum  and its  
p ro jection , of the a lp h a -p a rtic le  re la tiv e  to the nucleus. The te rm  
i  U ^ ( R )  is the rad ia l p a rt of the sc a tte r in g  wavefunction.
O perating  on ^ ^ ( R ,  r ) with H(r) it is e a s ily  seen  tha t
H ( r ) ^ Lj (R, r) = £ ip ^ 3 (R, r) . . . ( 2 . 8 )
II 3
and operating  with T one finds
T ^  (R r) = -  —  [ -  —— -  R -  1 ^  (R r)l vy ^ |^R 2 . n  r 2  J n K- ’T)
. . . ( 2 . 9 )
Substituting Eq. 5 into the Schrod inger equation Eq. 4 and 
using  the re su lts  of E qs. 8 and 9 gives fo r each value of L.
E  l - T T  [ b - 2i ' I ' j '  / L dR R .
E +  Cj,., + V (R ,r)j V  r) 
. . .  (2 . 10)
Using Eq. 6 gives
^  Ei .j .  +V(R, r ) |  uJ{,, (R)|-|'I'L.j'>«0
^  L dR^ R J  1} 5 1 1
. , . ( 2 . 1 1 )
O perating  on Eq. 11 with (  H  L, j | gives the coupled rad ia l 
equations
! &  " i r  ]  -  * *  ! v« m
+ £  < JtlL.j I V(R, r) l i 'I 'L , j '  > UEj | (R) = 0 
i ' l ' j ' . . . . ( 2. 12)
In Eq. 12, in teg ra tion  over po lar angles and a ll in te rn a l coord inates 
is im plied  by the coupling m atrix  elem ent
< ilL , j | 'V ( R ,r ) | i ‘I*L,j* >
Equation 12 re p re se n ts  the genera l fo rm  of the coupled 
rad ia l S chrod inger equations. The fo rm  of the coupling m atrix  
e lem ents depends upon the n u c lea r m odel used to genera te  the 
n u c lea r wavefunctions and upon the m ethod of tre a tin g  the in te ra c ­
tion potential V(R, r) . The following ch ap ter w ill deal with the 
fo rm ation  of these  m atrix  elem ents fo r the n u c lea r m odels u sed  
h ere .
Two im portan t approxim ations a re  im plied by the fo rm  of 
th is expansion. Since it  always contains the a lp h a -p a rtic le  as the 
free  p a rtic le , it neg lects those channels such as. pickup o r  knock 
out. The expansion is in te rm s  only of the e la s tic  and in e la s tic
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channels containing the a lp h a -p a rtic le . A lso neglected  a re  effects 
of exchange betw eennucleons of the ta rg e t nucleus and the a lp h a - 
p a rtic le  which m ay o ccu r due to the indistinguishable n a tu re  of 
iden tica l p a rtic le s  o r by the exchange na tu re  of the in te rac tion .
T hese approxim ations a re  d iscussed  by Glendenning (G1 67) who 
argues as follow s. R egarding the f i r s t  approxim ation, as the 
e la s tic  and in e las tic  p ro ce sse s  typ ica lly  re p re se n t the la rg e s t  p a rt 
of the d ire c t c ro ss  section , we m ay t r e a t  the o ther channels im p li­
c it ly ;  through the u se  of an absorp tive  componeiyt in the diagonal 
m atrix  e lem ents of the in te rac tion . F o r  the second approxim ation , 
the neglect of exchange is le s s  w ell founded but it is p resum ed  on 
the s tren g th  of overlap  argum ents to in troduce little  e r r o r  p a r t i ­
c u la rly  fo r  su ffic ien tly  high bom barding en erg ies .
The se t of coupled equations derived  is infinite in num ber 
and thus before  any a ttem pt is made a t so lu tion  som e fu r th e r  
approxim ation  is n e c e ssa ry . In the coupled channels m ethod th is  
is done sim ply  by te rm in a tin g  the s e r ie s  so  as to include only those  
low lying s ta te s  strong ly  coupled to the ground s ta te  plus any o th e r 
s ta te s  of in te re s t. The equations a re  then  solved exactly  fo r  the 
re su ltin g  su b -sp ace  of s ta te s  considered . In field  th eo ry  th is  
approach is known as the Tam m -D ancoff approxim ation.
It is n e c e ssa ry  to make som e allow ance fo r the effects of 
the neglected  channels. F o rm a l sc a tte r in g  theo ry  shows (Gt 67) 
tha t by rep lac ing  the in te rac tio n  V(R, r )  which is re a l  by an 
effective in te rac tio n  which depends upon the s ta te s  considered , it 
is fo rm ally  possib le  to sim u la te  the effect of the e lim inated  ch an ­
nels and thus d escrib e  c o rre c tly  the sc a tte r in g  a sso c ia ted  w ith the 
channels considered . The effective in te rac tio n  re su ltin g  is g e n e r ­
a lly  com plex, exp lic itly  dependent on energy  and non-loca l.
F o rm a l th eo ry  a lso  shows (G1 67) th a t th is  effect of tru n ca tio n  is 
m ainly  co$fined to the diagonal m atrix  e lem en ts, the effect on the  
off-diagonal m atrix  elem ents being sm a ll. In th is  w ork on the m ic ro ­
scopic m odel the effects of trunca tion  on off-diagonal e lem en ts w ill 
be neglected . The diagonal m atrix
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e lem ents w ill be tre a te d  as equivalent loca l potentials (Pe 62) in 
two ways as m entioned in ch ap ter 1, as a phenom enological poten­
t ia l  as in the op tical model o r  e lse  in the m icroscop ic  m odel with 
som e sim ple  p a ram ete riza tio n  of the im ag inary  component. This 
w ill be d iscu ssed  in deta il la te r .
A fu r th e r  approxim ation in the m icroscop ic  m odel is  tha t a ll 
diagonal m atrix  e lem ents w ill be taken to  be the sam e and equal to 
that fo r the ground s ta te . While th is is not s t r ic t ly  c o rre c t  it is  a 
good approxim ation  fo r  low lying s ta te s  which a re  expected to have 
b asica lly  s im ila r  s tru c tu re .
A sim p lifica tion  is possib le  in th is  calcu lation  due to  the 
fact that a ll the low est lying leve ls in the nuclei considered  have 
even sp in  and a re  of positive purity . By re s tr ic tin g  the s ta te s  con ­
s id e red  to  even spin  and positive p a rity  we note the following. The
Lp a rity  of each p a rtia l wave is ( - 1 )  . F ro m  Eq. 7 the p a rity  is 
Iseen  to be (-1) , thus to conserve  p a rity  (L - I) m ust take on only 
even values in Eq. 5.
In the following sections the su p e rsc r ip t j w ill be dropped 
w here no confusion is like ly  to  occur.
2 .3  C ross  Sections
When the sep ara tio n  of the a lp h a -p a rtic le  and ta rg e t nucleus 
is  su fficien tly  la rg e  that the n u c lea r potential is neglig ible, the 
equations becom e uncoupled. In th is  asym pto tic  region  the ra d ia l 
wavefunctions influenced only by the long range coulomb in te rac tio n  
can be w ritten  in the fo rm  (B1 52).
u «  = t = "  A«  < <kiR) -  B«  Hi  
V VI L
i l I I . . . ( 2 .1 3 )
H ere VT is the asym ptotic  velocity  of the alpha p a rtic le  in channel
L  L  1I, A and B ^  a re  the am plitudes of the incom ing and outgoing
w aves resp ec tiv e ly  and H^(kR) is given by
H ^(kR )=  Gg (kR) + i F^(kR) . . . ( 2 .1 4 )
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w here F^(kR) and G^(kR) a re  the re g u la r  and ir r e g u la r  Coulomb 
wavefunctions (B1 52). T hese Coulomb wavefunctions a re  n o rm a l­
ised  so tha t a t la rg e  R,
F (kR) -  s in  O^kR)
with
Gg(kR) cos O^kR)
0i (kR) = kR -  n(k) fa  (2kR) - t v/  2 + o^k , n).
The Coulomb p a ra m e te r  n is given by
n(k) = Z Z ’e^p /h^k
and the Coulomb phase sh ift is  given by
o^(k, n) = a rg  T (£ + 1 + in(k))
We req u ire  the  following asym pto tic  boundary conditions.
In the channel co rrespond ing  to the n u c lea r ground s ta te  th e re  a re  
both incom ing and outgoing sp h e rica l w aves a t infinity, c o rre sp o n ­
ding to the fact that th e re  is an incident wave in th is channel. How­
e v e r in a ll o th e r channels, th e re  a re  outgoing waves only. Thus fo r 
the en trance  o r  e la s tic  channel, as the effect of the n u c le a r poten 
tia l can influence only the outgoing sp h e ric a l waves one m ust have
ULO(R)=2 i r V ^ 2L+1) elaL(k° [ < < koR)-BLOHL<koR>]
. . . ( 2 .1 5 )
Thus from  E qs. 13 and 15, and using the above boundary conditions 
is found to ben
A£ I = 2 k ~ 2 L + 1 )  e 6J Q 6 . (2.16)
O
The sc a tte r in g  m atrix  is  defined by
Li x A _L . L
i i  = "  i i . i ' i '  i ' i '
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Using Eq. 16 one se e s  that th is  reduces to 
.LBi l SL a l  41, LO LO . . . ( 2 .1 7 )
L lF o r  the fu r th e r  developm ent w ill be sho rtened  to .
By com puting the outgoing flux fo r any channel the d iffe ren tia l c ro ss
section  can e asily  be obtained. Using E qs. 13 ,15 ,16  and 17 and
substitu ting  the fo rm  of Eqs. 5, 6 and 7 gives
d a I
d Q fc (e) \ o + V°> . . . ( 2 . 1 8 )
w here f (0) is the usua l Coulomb sc a tte r in g  am plitude (Mo 65)
given by
fc (0) -
-  n(kQ)exp £ -in (ko)in(sin^G/2) + 2 ao(kQ,n)J
2k sin^ 0/2  o
..(2 .1 9 )
and
fN (0) = 2iT  exp [  i ( a L (ko)+ o ^ ) ) ]
. . . ( 2. 20)( 6 j  Q -  ) CUIL, M-MO) Y^1 (0, 0)
H ere we have m ade use  of the azim uthal sy m m etry  to se t 0 = 0  
in the sp h e rica l ha rm on ics . The reac tio n  c ro s s -s e c tio n , which is 
defined as the num ber of p a rtic le s  rem oved from  the incident beam  
p e r second divided by the incident flux is given by
,L 1 2
R Y j  (2L + 1K 1- \S LO ) . . . ( 2 . 2 1 )
2. 4 D isto rted  Wave B orn A pproxim ation and the O ptical Model 
C onsider the various types of tran s itio n  shown in figu re  2 .1
EXCITED STATES
2 3
F ig u re  2 .1
GROUND STATE
22
T ran sitio n s which lead  from  an excited  s ta te  back to the ground 
s ta te  (type 2) o r  which connect excited  s ta te s  (type 3) can only occu r 
a f te r  the excited  s ta te s  have been in itia lly  populated and thus m ust 
co rrespond  to second o r  h igher o rd e r  in the in te rac tion  V. The 
f i r s t  o rd e r  pe rtu rba tion  solution to the coupled equations Eq. 12 
thus contains tra n s itio n s  of type 1 only. That is one neg lects a ll 
off-diagonal m a trix  e lem ents except those which connect d irec tly  
an excited  s ta te  to  the ground s ta te . The sim plified  form  of Eq. 12 
thus becom es
(T -  E + V ) = 0 Ground s ta te  channel . . .  (2. 22a)v oo' LO v '
(T 1 -  E + £ j + Vn ) U ^  + VIOU ^G = 0 E xcited s ta te  _
£ 2  channels
w here
T - t
W r " R 2 ; 
r p i .  --a2 , d2 _ 1 (1 +1 ) >
2 U ' 2 2 ;I1 dR R
V < LOLoo
v io  B < ilL
v n  = < ilL
The sy stem  is now much s im p le r  than befo re , each  excited
sta te  is coupled only to the ground s ta te  channel. Hence each  excited
s ta te  can be considered  se p a ra te ly  from  each o ther. A lso as s ta te d
in section  2, in th is  w ork fo r the m icroscop ic  m odel a ll  diagonal
m atrix  elem ents a re  tre a te d  as iden tical, thus V = VTT. Noteoo II
that these  diagonal m a trix  e lem ents a re  not iden tica l with the  c o r r e s ­
ponding elem ents fo r the coupled equations case . This is  because  
the neg lect of the coupling te rm s , ju s t as the effect of tru n ca tio n  of 
the coupled equations d iscussed  in sec tion  2 n e c e ss ita te s  a m od ifica ­
tion  of the in te rac tion . The potential V has now becom e theoo
optical potential, and Eq. 22a is sim ply  the S chrod inger ra d ia l
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equation fo r the e la s tic  channel. Eq. 22b describ es  in e las tic
sc a tte r in g  to channel I, the wavefunction having been
found using Eq. 22a. The Eqs. 22a and 22b constitu te  the DWBA.
The exact equivalence betw een th is  approach and the m ore usual
DWBA m ethod of in teg rating  the tran s itio n  m atrix  is given by
Glendenning (G1 67).
The correspond ing  c ro s s -se c tio n  fo r the e la s tic  channel o r
optical m odel in th is case  sim p lifies to the following. F ro m  E qs.
18, 19 and 20.
d a  P
- ' f (0) + f-.fO) Idfi I c N
w here fc (0) is the Coulomb sc a tte r in g  am plitude as in E q .19  
and
j 2 ia  T (k )
fN(0) = 2lT “ ^  (2L+1) e ^  0 (1-i}L )PL (cos 0)
° L . . . ( 2 .2 3 )
h e re  we have put ^ l  = ^LO * which is the reflec tion  coefficient 
fo r the L ' th  p a rtia l wave.
CHAPTER 3
The Coupling M atrix  E lem ents
3.1 M icroscopic Model 
3 .1 .1 .  Introduction
Recent rev iew s (Sa 66, Ma 66) on the m icroscop ic  d e s c r ip ­
tion of d irec t reac tio n s have p resen ted  the genera l th eo ry  fo r  the 
fo rm  of the coupling m atrix  e lem en ts. In p a rtic u la r , th ese  papers, 
being concerned with nucleon sca tte rin g , include in the fo rm alism  
sp in -o rb it and iso -sp in  dependence. The effect of a n tisy m m e trisa -  
tion  betw een ta rg e t and p ro jec tile  is considered  and se lec tio n  ru le s  
fo r tran s itio n s  d iscussed . In th is  w ork, the p ro jec tile , an a lp h a - 
p a rtic le , has ze ro  sp in  and iso -sp in .
The fo rm  of the  alpha-nucleon  in te rac tio n  considered  is of 
a s im p le  c en tra l potential. The ac tual fo rm  of the in te rac tio n  is 
based  on the analysis  of p ro ton-alpha  e la s tic  sca tte rin g . The 
experim en ta l study of th is p ro cess  is  ex tensive. E a rly  stud ies 
w ere  confined to bom barding energ ies  below about 10 MeV and 
the re su lts  analysed in te rm s  of i -0  and I- 1 phase sh ifts . Sack, 
B iedenharn and B re it (Sa 54) fitted  the phase sh ifts with phenom en­
o log ical two-body, local, energy independent potentials having 
c e n tra l and sp in -o rb it te rm s . They considered  po ten tials of the 
fo rm  (1) square  w ell, (2) exponential w ell and (3) G aussian  w ell, 
with sp in -o rb it te rm s  as d e riv a tiv es of the c e n tra l w ell. T h e ir  
re su lts  showed c le a rly  the G aussian po ten tial to be the b est of 
_ the th ree  and it  is th is fo rm  that w ill be u sed  h e re . The sp in -
o rb it te rm  is  neglected , its  contribution when averaged  over a  sp in - 
z e ro  nucleus is  zero . Thus
2 2-K rV(r) = - V e o
H ere r  is the p ro ton-alpha  sep a ra tio n  and K the range p a ra m e te r . 
The p a ra m e te rs  found by Sack et a l. a re
Vq = 47.32  MeV, K = 0.435 fm~^
A la te r  analy sis  by G am m el and T h a le r (Ga 58) studied data up to 
about 40 MeV and included JL = 2 phase sh ifts . T h e ir potential 
was how ever, energy  dependent, and used  d ifferen t p a ra m e te rs  fo r 
even and odd i  va lues. However, a G aussian  w ell with a range 
p a ra m e te r  K = 0. 565 fm * gives a reasonab le  fit to the G am m el - 
T h a le r potential fo r even i. A G aussian  fo rm  fo r the in te rac tio n  
has a lso  been used  in e a r l ie r  w ork on the m icroscop ic  m odel (Ma 64,
Sa 64, Ja  65). We thus have a potential of depth about 50 ^ e V , and
-1 -1 a range p a ra m e te r  of the o rd e r  0. 435 fm to 0. 565 fm  . A l­
though it is to be expected that the in te rac tio n  of an a lp h a -p a rtic le  
with a nucleon in the nucleus is not the sam e as that with a f re e  
nucleon, it should, how ever, re p re se n t a reasonab le  s ta r tin g  
point. The fin ite  s iz e  of the a lp h a -p a rtic le  is taken into account 
through the alpha-nucleon  potential but its  p o la risab ility  is n e g le c ­
ted . The effects of an tisy m m etrisa tio n  betw een the nucleons of the 
ta rg e t and those of the p ro jec tile  a re  a lso  neglected  as d iscu ssed  in 
ch ap te r 2.
The ta rg e t  nucleus is d esc rib ed  in te rm s  of the sh e ll m odel. 
The p red ic tions and lim ita tions of the sh e ll m odel have been ex te n ­
sive ly  d iscu ssed  e lsew here  (de 65, Ma 55) and w ill only b rie f ly  be 
d iscu ssed  h e re . The basic  assum ptions a re : -
1) A nucleon is considered  to move in a c e n tra l "she ll m odel 
po ten tial" U(r), which re p re se n ts  the av erag e  of a ll the com plex 
in ternucleon  in te rac tio n s .
2) T here  ex is t s in g le -p a r tic le  o rb its , each c h a ra c te r ise d  by a 
ra d ia l quantum  num ber n and an o rb ita l angu la r m om entum  i .
3) A stro n g  sp in -o rb it in te rac tio n  d e p re sse s  each  j s i+ f leve l 
re la tiv e  to the co rrespond ing  j = It\  lev e l w here _j = _£+s.
The n u c lea r sh e ll m odel H am iltonian can then be w ritte n  as
A A
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w here H. is the sing le  p a rtic le  H am iltonian fo r the p a rtic le  in the 
c en tra l sh e ll m odel potential U(r). The second te rm  is a one-body 
sp in -o rb it potential with s tren g th  p a ra m e te r  a. The th ird  te rm  
re p re se n ts  a re s id u a l tw o-body in te rac tion . W here th is re s id u a l 
in te rac tio n  can be neglected  we have the j - j  coupling lim it. The 
model H am iltonian II can then be w ritten  d irec tly  as a sum  of 
single p a rtic le  H am iltonians, consequently  the to ta l wavefunction 
fo r the nucleus can be ex p ressed  as a product of single p a rtic le  
w avefunctions. M ore genera lly  any lin e a r  com bination of th ese  
products sa tis f ie s  the Schrodinger equation fo r  the m odel H am il­
tonian H. However, since  the nucleus is  a sy s tem  of fe rm io n s, 
we need to co n stru c t the n -p a r tic le  wavefunction such  tha t it is 
an tisy m m etric  with re sp e c t to exchange of any two p a rtic le s . The 
extent to which th is  prob lem  occurs in th is  w ork will be d iscu ssed  
in section  3 ,1 . 3. W here the re s id u a l tw o-body in te rac tio n  is no 
longer neglig ible, the re su lta n t wavefunction needed to s a t is y  the 
m odel H am iltonian can be w ritten  as a l in e a r  com bination of the 
w avefunctions fo r the j - j  coupling schem e. T his w ill be dealt 
with in  section  3 .1 . 4.
F o r  convenience, the deriva tion  of the form  of the coupling 
m atrix  e lem ents is  divided into se v e ra l sec tio n s . The following 
section  derives the re la tio n  of the m atrix  e lem ents to the effective 
in te rac tion , and in tu rn  its re la tio n  to the n u c lea r tra n s itio n  
density . Section 3 deals with the fo rm  of the n u c lear tra n s itio n  
density  fo r she ll m odel s ta te s . Section 4 g e n e ra lise s  the re s u l ts  to  
include s ta te s  with configuration m ixing. Section 5 com bines the 
re su lts  of the previous sections to fo rm  the coupling m a trix  e le ­
m ents. The final section  is concerned with the fo rm  of the op tica l 
potential.
3 .1 .2  F o rm  of the coupling m atrix  e lem ents
The g en era l fo rm  of the coupling m atrix  e lem ents found in 
Chapter 2 can be w ritten
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< iIL |V (R ,r )  I i ' l 'L )  = i* '"1 £  C(jH L ,-M , M, 0)
MM’
. C (i 'I 'L  , -M ', M ', 0)
f  Y,"M'( ® R) Y "M^ QR> ^  IM(r) 1 V(5 '  r)  1 ^ I 'M '(r ,>  ’ d QR
. . . ( 3 . 1 )
H ere we have m ade use  of Eq. 2. 7. The new m atrix  e lem ent, 
which contains the dependence on the ta rg e t n u c le a r coord inates i» 
defined to be the effective in te rac tio n  (R)
I 'M 1
P IM ®  = < ^IM(r) I V(^ ’ r) I ^I-M '(r) > . . .  (3. 2)
I 'M 1
The in te rac tio n  betw een the a lp h a -p a rtic le  and the ta rg e t  n u c ­
leus is taken  as a sum  of tw o-body alpha-nucleon  in te rac tio n s . If 
the position of nucleon k in the ta rg e t is  specified  by the v ec to r 
r^ , then the potential betw een the a lp h a -p a rtic le  and the nucleon 
is sim ply
Vk = V ( l dk l )  = V(1|R - r k | ) . . . ( 3 . 3 )
This is shown in figure  3 .1 , r^  joins the cen tre  of m ass 
of the ta rg e t nucleus to nucleon k.
—k
alpha
target
F ig u re  3.1
The to ta l potential is thus a sum  over a ll  nucleons of such  te rm s , i. e.
V (R ,r) = V  V ( | R - r  | )  . . . ( 3 . 4 )
k=l
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The effective in te rac tio n  can th e re fo re  be w ritten
PIM ^  = 2  < ^IM ^l  rA^   rA ^
I’M'
. . . ( 3 . 5 )
R earrang ing  th is gives
PIM (- )=2  / [  f   ^ (rl  rA) ^I'M,(rl  rA}
I'M' P i  IM
d£ r  • • d£k.i d£k+r • • d£A] • v « R -£ k l> d£k • • • <3- 6)
which can be w ritten
P .m (R) = f p  (r) V ( | R - r | ) d r  . . . ( 3 . 7 )
IMI*Mf I'M1
w here p (r) is  the n u c lea r tra n s itio n  density  given by
A ^
p IM ^  = [ ^IM^rr  • • rA^  ^I'M' r^ r  • • rA^-rl "  • - rk -l
I'M' k=1 nd r  d rk+1' *' -  A r,J —k=r
. . . ( 3 . 8 )
The n u c lea r tran s itio n  density  re p re se n ts  the o v erlap  of 
the in itia l and final s ta te  w avefunctions.
3 .1 .3 . N uclear T ran sitio n  density  fo r sh e ll m odel s ta te s
F o r  the nuclei under considera tion , the sim p le  sh e ll m odel
p ic tu re  is  of a closed  co re  plus two iden tica l ex tra  co re  nucleons.
42 40 50F o r  Ca we have the Ca core  plus two neu trons. F o r  T i
48the co re  is  Ca , and th e re  a re  two e x tra  co re  p ro tons. The co re  
is  assum ed  to be unaffected by the tra n s itio n . We w rite  the w ave­
function fo r  the nucleus as a product of te rm s .
0IM (rr . .  rA ) = 0 i m ( 1 2 ) 0 c( 3 . . . A )  . . . ( 3 . 9 )
H ere 0 (12) is  the wavefunction of the e x tra  co re  nucleons and
zy
0 ^ (3 .. .A ) tha t of the co re . E ach wavefunction is n o rm alised  and 
fully an tisy m m etric  within itse lf . As th is  stands how ever, the 
wavefunction is not an tisy m m etric  w ith re sp e c t to  exchange of 
co re  and ex tra  co re  nucleons. The c o rre c t  wavefunction tha t does 
sa tis fy  th is  req u irem en t can be w ritten :
* W r l  - • • r A) tIk &T-T ) ! 1 '  P l i  ■ p 2j + P l i  P 2j I
•0 im (1 2 )0 c (3‘ - - A) . . . ( 3 .1 0 )
w here . is  the u sua l perm utation  o p e ra to r, exchanging the co ­
o rd inates of p a rtic le s  1 and i.
It can e a s ily  be shown that as the co re  plays no p a rt in the 
tran s itio n , the final fo rm  obtained fo r the tra n s itio n  density  is  the 
sam e, w hether the fo rm  of the wavefunction is taken as Eq. 9 o r 
Eq. 10. To avoid u n n ecessa ry  confusion, we use  the s im p le r  fo rm  
given by Eq. 9.
It m ust be pointed out that in the sh e ll m odel, the coo rd ina tes 
of a nucleon a re  m easu red  with re sp e c t to the cen tre  of po ten tial and 
not to the cen tre  of m ass of the nucleus. T his m eans that the  H am il­
tonian is not tran s la tio n a lly  invarian t and in addition to  d esc rib in g  the
m otion of the nucleon with re sp ec t to  the cen tre  of m ass, the w ave-
♦
function a lso  contains a m otion of the c en tre  of m ass re la tiv e  to the 
o rig in  of coord ina tes. This spu rious m otion of the cen tre  of m ass 
can only be c o rre c te d  exactly  (Ga67) fo r  harm onic  o sc illa to r  w ave­
functions. The co rre c tio n  te rm  is of the o rd e r  l /A  and w ill be 
neglected  in th is work.
Substitu ting  Eq. 9 fo r  the wavefunction into Eq. 8 fo r  the  
n u c lea r tran s itio n  density  gives:
^IM y  c ^ *  * * ^'-1 * c <3. • * A ) y [  d£ l ]  — 2 -
I*M»
'A
Cf A (Q A r^?r» r?r
k+1+ 3 " — k-1— 1
' • • — a]  —k=r . . . ( 3 .1 1 )
k=3
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The diagonal e lem en ts, i . e .  w here = $ ^ ,^ ,(1 2 )  give r is e
to  the op tical potential. T hese  w ill be dealt with la te r ,  h e re  we 
co n sid er the off-diagonal e lem en ts. In th is  case , as the w ave­
functions a re  orthogonal, the second te rm  in Eq. 11 van ishes.
A lso the n o rm alisa tio n  of the co re  w ave-functions gives
<0 c (3. . . A ) | 0 c (3. . . A )  > = 1
Eq. 11 a lso  m akes use  of the an tisy m m etric  n a tu re  of 0(12) in 
o rd e r  to rep lace  the sum m ation  over r^ and r  ^ by tw ice the 
contribution  of one of the te rm s . The n u c le a r tran s itio n  density  
thus becom es:
PIM = 2[ / C (12) * W * < 12> ]  * * • <3- 1 2 >
r  = rPM* -2  1
We now consider the form  of 0(12). The sh e ll m odel
sing le  p a rtic le  wavefunctions a re  c h a ra c te r ise d  by the quantum
num bers n i  j using  the usual notation ( d e  6 5). W riting th is  to
show the coupling betw een the sp in  and o rb ita l m otion, we have
the single p a rtic le  wavefunction: 
m
*  ( 1 ) = X ) c ( i s j ,  vwm) i(i (1) XW(1) . . . ( 3 .1 3 )
J Tvw n£ g
V wH ere y (1) is  the o rb ita l and x (1) the sp in  w avefunction. 
nI s
T hese sing le  p a rtic le  wavefunctions of the ex tra  co re  
nucleons a re  coupled to fo rm  the wavefunctions 
s im p le s t case  is w here both nucleons a re  c h a ra c te r ise d  by the 
sam e nij quantum  num bers, and in th is  case ,
0 jM(12) = C(jji, m m 'M )C (fsj, vw m jC U sjlxym 1)
*7
m m
. | V (1) XW(1) | X (2) Xy (2) . . . ( 3 .1 4 )
n i s id  s
W here I is even, the an tisy m m etric  req u irem en t on ^ ^ ( ^ 2 )  is  
guaran teed  by the p ro p e rtie s  of the v ec to r coupling coefficien ts (Ro 63).
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M ore generally , w here the nucleons a re  in d ifferen t s ta te s , the 
an tisy m m etric  wavefunction is  w ritten  as
# I M(12) = h C(j j«I .mmlM)C(l83.vwm)C(ll8j-.xym«)
\ 2  ..vwxy 
m m 1
( v w x y v w x y i
t ( l )  x ( l )  t ( 2 )  X (2) - >C(2) X (2) <|>(1) x ( l ) |
( nl s n ' t ’ s n£ s n 'i '  s '
. . . ( 3 .1 5 )
VF u rth e r , th e  o rb ita l and rad ia l com ponents of ip (1) can
be sep a ra ted , i .e .  ^
v
|  ( i )  = R ^ )  y J (  n r j )  . . .  (3.16)
nI
Substitu ting the wavefunctions into Eq. 12 fo r the tra n s itio n
't
density , we sum  over sp in  coord inates and in teg ra te  over the s p a t ia l  
coord inates of p a rtic le  1. The a lg eb ra ic  d e ta ils  a re  s tra ig h tfo rw ard  
and given in Appendix 3 .1 . B ecause the effective in te rac tio n  is  a one 
body o p e ra to r  in the space of the ta rg e t nucleons, that is it o p e ra tes  on 
one nucleon at a tim e , it follows that the tran s itio n  density  w ill 
vanish  if the in itia l and final s ta te s  d iffer in m ore than the co o rd in ­
a tes  of one p a rtic le . The in itia l and final s ta te  w avefunctions of 
in te re s t  can th e re fo re  be w ritten :
% <12) =
. . . ( 3 . 1 7 )
~ ^IM  ^ ^  n ^ ,j l)
Now ^.^.(12) and ^ ,^ .,(1 2 )  have a t le a s t  one se t of quantum  nu m ­
b e rs  in comm on, a lso  as the wavefunctions a re  an tisy m m etric  we 
have
j^ IM(n i  j, n ' i ' j1) s ~  n 1 ^  . . .  (3. 18)
We then obtain the general fo rm  fo r the tra n s itio n  density
C (iMi'q , 000)C(I'qI, M1, M -M ', M) 
W (j"l,j lI, jq )W (l'j 'lMj M» sq)
M+l)(2j»+l)(2jM+ l)(2 I'+ l)
JL
2
. . . ( 3 . 1 9 )
W here W (I 'j 'lMj M» sq) a re  the usual R acah coefficien ts as defined 
by Rose (Ro 63), and S = 2 if a ll s ta te s  have the sam e quantum  
num bers n f  j = n 'i ' j '  = n " iMj M 
S = ^ 2  if e ith e r  n i  j = n ' i ' j 1 o r  n i  j = n Mi Mj M 
S = 1  if n i  j /  n ' i ' j '  and n i  j /  n " i" j"
F o r  the case  in which S = 1, if n ' i ' j '  = n Mi " j ‘! th e re  is a second 
te rm  p resen t fo r  the tra n s itio n  density . This is obtained by 
exchanging the ro les  of n i j  and n 'i ' j '  by m eans of Eq. 18.
As d iscu ssed  in chap ter 1, the p a rity  of the in itia l and 
final s ta te s  of in te re s t  is always positive, thus i+ i' and i+ iM a re  
both even, and th e re fo re  i '+ i"  is a lso  even. The p ro p e rtie s  of the 
v e c to r coupling coefficients a re  such that the te rm  C (iMi 'q  000), in 
Eq. 19 van ishes un less i M+ i' - q is even. Thus only even values of 
q con tribu te  in the sum m ation. The value of q is a lso  bounded by 
the tr ia n g u la r  conditions.
| I ' - I  | < q  ^  I'+I
F o r  those te rm s  w here the in itia l s ta te  is the ground s ta te , 
which a re  the only te rm s  that occu r in DWBA, the equation tak es  on 
a p a rtic u la rly  sim ple  fo rm . We have I'=0, thus n Mi " j M = ii i  j
l i ’- i ” ! ^ q  ^ i'+ i"  
I j’-j" | < q ^ jf+j"
*M
( ft r)
00 I
. C(i VI, 000)W (i'j'i j, s I)
f  (2i+l)(2£'+l)(2j'+l)~ | i  
‘ L 4?r(2I+l) J
. . . ( 3 . 2 0 )
33
W here the value of S is  the sam e as in the previous case .
3 .1 .4 . T ran sitio n  density  fo r  s ta te s  of g en era lised  configuration 
m ix tu res
The sim ple  sh e ll m odel assu m es that the com plex in te ra c ­
tion betw een nucleons can be approxim ated  by a c en tra l potential 
w ell. This re su lts  in sim p le  single p a rtic le  w avefunctions. A 
m ore re a lis tic  p ic tu re  is to  take som e account of re s id u a l in te r
nucleon fo rce s . Such calcu lations, using  various fo rm s fo r  the
42res id u a l in te rac tio n  have been perfo rm ed  fo r Ca by Law (La 68). 
The sim p le  single p a rtic le  wavefunctions used  up to th is point a re  
now no longer eigenfunctions of the to ta l H am iltonian. T hese  w ave­
functions do how ever, fo rm  a com plete se t of functions and thus 
fo rm  a b asis  in which the actual w avefunctions can be expanded.
If we w rite  the sim ple  sh e ll m odel wavefunction fo r the e x tra  
co re  nucleons as:
^IM^12  ^ " ^IM 1 ^  
w here a and b re p re se n t the co llec tive  single p a rtic le  quantum  
num bers of the s ta te .
The g en era lised  configuration m ix tu re  s ta te s  can now be 
w ritten  as (La 68)
^ W 12  ^ ° M )  * W a,b*
= 2  h cdc, d
The coefficien ts g , h , m ust sa tis fy  the n o rm alisa tio n  condition.
clD COS ga b 2 = 1ab
If we w rite  the fo rm  of the tra n s itio n  density  Eq. 19 as
PIM (r,ab cd )C (I 'q  I, MJM-M1, M)
I'M ' 'I q q . . . ( 3 . 2 1 )
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w here $  (r , abed) contains a ll the dependence on r  and the sing le  
Q
p a rtic le  quantum  num bers , the g en era lised  tran s itio n  density  fo r 
configuration m ix tu re  s ta te s  can be w ritten  as:
PlM (£> = ^ 2  l’ M'> M - M'« M)
I'M ' q
• ^ 2  f q (r, abed) gafa hc(J . . .  (3. 22)
ab
cd
3 .1 .5 . E ffective in te rac tio n
We have that the effective in te rac tio n  is given by Eq. 7. 
P IM ■ /  PlM (£ )v( 1 £  1 )d£
I 'M 1 I'M*
and that the g en era l fo rm  of the tran s itio n  density  can be w ritten  
as
PlM  = ^ 2  V * M ' M '( S lr ) j  (r)C (I'q  I, M'.M-M', M) . . . ( 3 .2 3 )
n ^ 4
I 'M•t T\/r» ^
We use the G aussian form  fo r the alpha-nucleon po ten tial
2 2
V( I R - r|  ) * -  Vo e K 1 -  '  -  * . . .  (3. 24)
T his can conveniently be expanded in m ultipoles (Pe 66)
V( | R - r  I ) = - V 4 ir  ^ 2  ^  ik<- 2iK2R r) e ' K (R + r >
km
. y “ (S R )  Y™( Hr) . . . ( 3 .2 5 )
w here a re  the sp h e rica l B esse l functions (Sn 61).
Substitu ting E qs. 23 and 25 into Eq. 7 we get fo r the  effec 
tive  in te rac tion
P IM (R) = - Vo4jt Z  ik C (I'q I. M ', M -M ', M) e ' K R y “ ( OR) 
I 'M 1>ui qkm
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■ f  $ q(r) jk (' 2iK;2Rr>e’ K r Y“  ( fir) V --M'( Hr)dr
. . . ( 3 .2 6 )
In tegrating  over O r gives te rm s  6(m , M -M ’) and 6 (k, q), 
so that
E o _KVi4 C (Ifq I, M*, M-M*, M) e _xv 11
l i u  w
I'M ' q
d r  • • • (3 .2 7 )
Substitu ting in the fo rm  of j , (Sn 61) gives
Q
F  (R) = - V o ^ C ( I 'q  I ,M ',M -M ',M ) Y ^ ’ M' ( QR)
I'M ' *
• ^  R 2?r ( K ^ ) 01 T(z)
T (q + |  )
2 2
. /  J q (r ) e K r  r  q+2 0F l (q+| ; (K2]Rr)2)d r . . .  (3. 28)
H ere T is the Gamma function and the hypergeom etric
function as defined by Sneddon (Sn 61).
In th is fo rm , the effective in te rac tio n  can be conveniently  
evaluated on a com puter.
We now wish to  substitu te  th is fo rm  fo r  the effective in te r ­
action  into Eq. 1 fo r the coupling m atrix  e lem en ts. F o r  conven­
ience we w rite  Eq. 28 in the form
P IM (E) * £ c ( r q  I .M ', M -M ',M )Y  M~M'(Q R ) j  ( r )
I 'M ' q qI!I
. . . ( 3 .2 9 )
Substitu ting in E q . l .  gives
<i I L l V(R, r ) |* 'I 'L >  = il '~l  ^  C(< I L, -M, M, 0)
qMM'
. C(jf'I'L. -M ,'M ',0)C(I'q I, M', M -M ', M) ^  (R)
q I I '
*  36
/ M -M f -M 1 -M*Y (QR)  Y (QR)  Y ( QR) d QR . . . ( 3 .3 0 )
q V I
The in teg ration  can be c a r r ie d  out using  the identity  re la tio n  of 
sp h e rica l harm onics (Ro 63, page 62) to give
< i  I L I V(R, r ) | i ' I 'L >  = i / C ( !  I L . - M M  0)
MM'q
. C tf 'I 'L , -M 'M  0)C(I'q I, MJM-M1, 0) 3  (R)
q I I'
( i )Mp 2 ^ 4 -l)(2 i^ l)]  2c ( i ,|q> .M ',M ,M - M ') C ( l 'lq  000)
. . . ( 3 . 3 1 )
Sum m ing over M and M' using the re la tio n s  betw een the v ec to r 
coupling coefficien ts, one can e asily  obtain
< i I Ll V(R, r)J'ri'L>
= 3  (R) C ( i 'iq ,0 0 0 )W (i 'i I 'I ,  q L)
q ql I'
, , , L r(2if+l)(2l'+l)(2I+l)(2I'+l)l *' ' L 4sr(2q+l) J . . . ( 3. 32)
T his is now the genera l fo rm  fo r the coupling m atrix  e lem en ts.
3 .1 . 6 O ptical potential
The diagonal coupling m atrix  e lem ents constitu te  the op tical 
potential. We note that fo r such e lem en ts, as the in itia l and final 
s ta te s  a re  the sam e, the tran s itio n  density  is  now sim ply  the n u c le a r 
density . The effective in te rac tion  is obtained by folding the a lp h a - 
nucleon potential into the n u c lear density  d istribu tion . As s ta te d  in 
C hapter 2, we have m ade the approxim ation that a ll diagonal m a trix  
e lem ents a re  the sam e, and equal to tha t of the ground s ta te . In th is  
case  q = I' = I = 0, i  = V * L, M = M1 * 0
The sim ple  fo rm  of the Racah a lg eb ra  in th is case  allow s th is  
m a trix  elem ent to be w ritten
< LOLl V(R, r )  | LOL > = /"p (r)V ( | R - r  | )dr . . . ( 3 . 3 3 )
w here p(r) is the n u c lea r density  d istribu tion . Making use  of 
the p rev iously  obtained re su lt  fo r the fo rm  of th is in teg ra l Eq. 32 
we obtain on perfo rm ing  the n e c e ssa ry  v ec to r a lgeb ra
The n u c lea r density  p (r) is eas ily  obtained once the single 
p a rtic le  wavefunctions a re  known. Substitu ting in Eq. 20 the 
exp licit fo rm  fo r the v ec to r coupling coefficien ts, we find tha t the 
n u c lea r density  can be w ritten
w here the sum m ation is taken over the occupied s ta te s .
The optical potential so f a r  derived  is purely  re a l, and as 
a lread y  m entioned som e provision  m ust be m ade reg a rd in g  the 
im ag inary  component, which is n e c e ssa ry  in o rd e r  to abso rb  
p a rtic le s  from  the e la s tic  channel, thus allowing fo r  those in ­
e la s tic  p ro ce sse s  not exp lic itly  included in the coupling. In th is  
w ork th is  is done by a sim p le  p a ra m ete risa tio n . An im ag inary  
component is  in troduced with the sam e rad ia l fo rm  as the re a l  p a rt, 
but which is allowed to v a ry  in s tren g th  in o rd e r  to produce the 
b est ag reem en t with experim ent.
3 .2  R otational Model
Many accounts of the R otational Model a re  to be found in the 
l i te ra tu re , h e re  only a b r ie f  outline w ill be given. We follow the 
m ethod of W ills (Wi 63).
The nucleus is considered  to be perm anen tly  deform ed and 
ax ia lly  sy m m etric . The n o rm alised  w avefunctions fo r an even- 
even ax ia lly  sy m m etric  nucleus in the low est ro ta tio n a l band is 
sim ply  (Ch 58, Ke 59)
< L0L|'V(R, r)  |'L0L > = V(R) =
. . .  (3. 34)
(3. 35)
. . . ( 3 .  36)
H ere the in te rn a l coo rd ina tes, r, a re  ju st the E u le rian
angles specifying the o rien tation  of the d istinc t sy m m etry  axis
with re sp ec t to the quantisation  ax is . The eigenvalues of H(r) = T
o
a re  w ell known (Ch 58, Ke 59, La 58) to be e ® H . 1(1+1).
The nucleus is a lso  assum ed  to be sy m m etric  with re sp ec t to 
reflec tion , in a plane which is the perpend icu lar b ise c to r  of the 
d istinc t sy m m etry  ax is , and th e re fo re  I takes on only even values 
(Ke 59). 4 is the m oment of in e rtia  about a line in th is  sy m m etry  
plane. It is assum ed  that the in te rac tio n  potential V(R r )  is of 
the fo rm .
V(R, r) « V(R - Ro [  1 + Y °(0 ')] )
X
+ i w ( R  -  r ;  [  i  + X X  Y ° (0,) L  • • • ( 3 - 37)
A
W here R and R ’ a re  the rad ia l p a ra m e te rs  fo r the re a l  and o o
im ag inary  com ponen ts,respective ly ,o f the potential w ell. £
X
a re  the usual deform ation  p a ra m e te rs , w here in th is case  X 
takes on even values only. The angle O' is the angle betw een R 
and the d istinc t sy m m etry  ax is.
T here  a re  two m ethods c ftrea ting  the coupling potential 
which lead  to reasonab ly  sim ple  ex p ress io n s fo r the coupling 
m atrix  e lem ents. T hese involve expanding the potential in e ith e r  
L egendre polynom ials o r  a T ay lo r s e r ie s  in pow ers of the d e fo r­
m ation p a ra m e te rs . We w ill use h e re  the L egendre polynom ial 
expansion. This m ethod has advantages o v e r the T ay lo r s e r ie s  
m ethod fo r la rg e  deform ations. It can be shown that the ra d ia l 
function fo r each te rm  in the L egendre polynom ial expansion co n ­
s titu te s  an infinite sum  of te rm s  in the T ay lo r expansion (Ta 65,
B1 66). Thus h igher te rm s  in powers of j8 , im portan t fo r  la rg e  
deform ations, can be au tom atically  included. Expanding in 
L egendre polynom ials one gets
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The coupling m atrix  can thus be w ritten
<je I L lV (R , r) U 'I 'L  > I L rP k(c o S 0 ') l i 'I ’L >  V. (R)
k
. . . ( 3 . 3 9 )
T hese m atrix  elem ents w ere  evaluated by W ills (Wi 63) who show s:
<* I Ll P  (cos O j l i 'I 'L > = ^(2t+l)(2I+l) C(Ki V, OOO)
C(K I I ', 000) W ( I 'i 'I  ( , L K )  . . .  (3. 40)
CHAPTER 4 
E la s tic  S ca tte rin g  A nalysis
H ere we p resen t the re su lts  of the analysis of the e la s tic  
sc a tte r in g  data. We have seen  from  ch ap te r 2, that a p a rt from  
the value of the re su lts  within them se lves, a knowledge of the e la s ­
tic  s c a tte r in g  w avefunctions fo rm s an e sse n tia l b asis  fo r the w ork 
on in e las tic  sc a tte r in g  which is to follow. The chap ter is  divided 
into th re e  sec tio n s. The f i r s t  d e sc rib es  the experim en ta l data  
which te used  in th is work, the second deals with the e la s tic  
sc a tte r in g  due to  a phenom enological op tical potential, and the 
th ird  with the op tical potential derived  from  the m icroscop ic  m odel.
In the u sua l phenom enological analysis  the am biguities in 
the op tical m odel potential fo r strong ly  absorbed  p a rtic le s  a re  
w ell known (Dr 63). F o r  a lp h a -p a rtic le s , potential depths of the 
o rd e r  of 50 MeV a re  in com m on use , although by folding the 
alpha-nucleon  potential into the n u c lea r density  d istribu tion , depths 
of the o rd e r  of 250 MeV a re  produced (Ja 65). Such v a ria tio n s  in 
op tical m odel potentials can be expected to influence re s u lts  fo r  
in e las tic  sc a tte r in g  (Dr 63). F o r  th is  reaso n , in sec tion  4. 2, 
op tical m odel potentials covering a wide range of depths a re  
p resen ted . A lso studied  in th is  section  a re  the c r i te r ia  which 
op tical potentials need to sa tis fy . F o r  a lp h a -p a rtic le s , which a re  
s trong ly  absorbed , the sc a tte r in g  is de term ined  by a sm a ll num ber 
of p a rtia l w aves. T hese im portan t p a rtia l waves have th e ir  tu r n ­
ing point in the su rface  region and a re  th e re fo re  s trong ly  in flu en ­
ced by the potential in th is region. Igo (Ig 58) suggested , tha t 
provided the c o rre c t fo rm  fo r the op tical potential in the su rfa c e  
region  is m aintained, the actual depth of the potential is u n im p o r­
tan t. L a te r  A ustern  (Au 61) showed that the re flec tio n  coeffic ien ts 
r) could be considered  to be made up of two te rm s . The p a r t ia l  
waves being p a rtly  re flec ted  from  the n u c le a r  su rface  and p a rtly  
from  the cen trifuga l b a r r ie r .  The re flec tio n  coefficients fo r  the 
im portan t p a rtia l waves now depend on the phase averag ing  o r
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im pedance m atching betw een the two te rm s . Only d isc re te  optical 
potentials a re  able to sa tis fy  th is c r ite r io n . Dris^fe et. a l. (Dr 63) 
have shown that th ese  two c r i te r ia  a re  com patible although at 
43 MeV, Igo’s condition did not appear to apply to the im ag inary  
p a rt of the potential. An account of the p a ra m e te r  v a ria tio n  fo r  the 
op tical m odel potentials is given by E l-N adi and Riad (El 65). The 
app licab ility  of the above c r i te r ia  w ill be d iscu ssed  and o th ers  
suggested.
In sec tion  4. 3 the op tical potential calcu lated  using  the 
m icroscop ic  m odel of the nucleus is  considered . The choice of 
the n u c lea r wavefunctions used  to genera te  the density  d is trib u tio n  
is d iscussed . C om parison  is made betw een the quality  of the fits  
to the sc a tte r in g  data so produced and those found in the phenom ­
enological an a ly sis . A study is m ade of the sen sitiv ity  of the re su lts  
to the s tren g th  and range of the alpha-nucleon  potential. The 
extent to which n u c lea r s tru c tu re  inform ation  can be ex trac ted  is 
d iscussed .
4.1 E xperim en ta l Data
Gruhn and W all (Gr 65) m easu red  the d ifferen tia l c r o s s - 
42 50sections fo r Ca and T i at an energy  (labora to ry ) of 30. 5 MeV.
The angular range of th e ir  m easu rem en ts in the cen tre  of m ass
sy s tem  being 30° to 170°. P ercen tage  experim en ta l e r r o r s  on each
point a re  quoted. T hese v a ry  from  le s s  than  1% at fo rw ard  angles
50to of the o rd e r  of 20 to 30% at back ang les. F o r  T i the re s u lts
a re  quoted in the u sua l units (m b /s r)  but no value is given fo r  the
42o v era ll u n certa in ty  in n o rm alisa tio n  of the data. F o r  Ca the 
o v e ra ll u n certa in ty  in n o rm alisa tio n  was such tha t the re s u lts  a re  
quoted in a rb i t r a ry  un its . In th is case  th e re fo re , an additional 
prob lem  in the analy sis  involved m aking an e s tim ate  of som e n o r ­
m alisa tion  fac to r.
P e te rso n  (Pe 66) m easu red  the d iffe ren tia l c ro s s -s e c tio n
42 0fo r Ca at 42 MeV. The angu lar range of the data being 12 to
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70° and the u ncerta in ty  in o v e ra ll n o rm alisa tio n  quoted to be 10%.
The experim en ta l e r r o r s  a re  of the o rd e r  of 1% at fo rw ard  angles
to about 10% at the backw ard angle m inim a.
B ruge (B r 67), in the m ost recen t re su lts  used in th is work,
50gives the d iffe ren tia l c ro s s -s e c tio n  fo r T i at 44 MeV. H ere 
the angu lar range is 11° to  55° and the o v e ra ll u n certa in ty  in 
n o rm alisa tio n  10%. The e r r o r s  on the experim en ta l points a re , 
in the w orst c a se s , 5%.
4. 2 Phenom enological A na ly sis .
We choose the n u c lea r optical potential to  be of the Saxon- 
Woods form
Vq(R) = - V(1 + e X V 1 - iW (1 + e XV 1 . . . ( 4 . 1 )
with
x = (R - R ) /a  ; x ' = (R - R ') / a '
The re a l  p a rt of the potential is today a lm ost u n iv e rsa lly  
taken to be of th is  fo rm . It has the fla t fo rm  n e a r  the c en tre  of 
the nucleus one expects from  the sh o rt range n a tu re  of the n u c le a r 
fo rce . The edge is diffuse as one would expect, as the n u c le a r  
density  is known to be diffuse. The fo rm  of the im ag inary  p a rt of 
the potential needed is le s s  c le a r . At low bom barding en e rg ie s , 
the Pau li exclusion p rincip le  inhibits excita tions of ta rg e t nucleons 
in the n u c lea r in te r io r  (P r  62) since  few unfilled  s ta te s  a re  a v a il­
able. Thus a  su rface  peaked potential is to  be expected. On 
in creas in g  the energy , m ore excita tions becom e possib le , thus one 
could expect a change tow ards volum e absorp tion . It is known 
that in the case  of a lp h a -p a rtic le s  which a re  strong ly  absorbed , 
w hether one u ses  volume o r  su rface  peaked absorp tion  m akes 
litt le  d ifference to  the quality  of fit one can obtain. On th is  b a s is  
we re s tr ic t o u rse lv es to volume a b so rp tio n ..
The p a ra m e te r  Rq c h a ra c te rise s  the rad iu s at which the
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potential fa lls  to half its  m axim um  depth. The p a ra m e te r  ’a ' is 
the d iffuseness, the potential fa lls  from  98% to 2% of its  m axi-
i
mum value in the range H -4a to R + 4a, U sually R and Ro o J o o
a re  e x p re ssed  in the form :
R = r A l /3 ; R ’ - r V / 30 o o o
1
T ypically  r  , r Q a  1 ,3  - 1 ,6  F and a. 0. 6 F . The Coulomb
potential is taken to be that due to a uniform ly  charged  sp h e re  of
1/3rad iu s R , again we take R = r  A and w here r  «  1 . 4 F .  c & c c c
This gives a Coulomb po ten tial
Z Z £  r  2
v - r d  H < K
C
Z .Z m.e2 i T
c
■p R ^  RR c
w here Z . is the proton num ber of the p ro jec tile  and Z ^  th a t of 
the ta rg e t.
The n u m erica l calcu lations of d iffe ren tia l c ro s s -s e c tio n s  
w ere  perfo rm ed  on the U n iv e rs ity 's  E llio tt 503 com puter. The 
com puter p rogram m e is based  on an O ptical Model se a rc h  code 
due to Sm ith (Sm 67). The o rig ina l code was w ritten  in F o r tra n  
and as the U niversity  com puter has no F o r tra n  comp i le r  it w as 
n e c e ssa ry  to tra n s la te  into Algol. A m odification m ade to  the 
s tru c tu re  of the program m e was to se p a ra te  as a p rocedu re , the 
fo rm ation  of the n u c le a r potential. This has the advantage that 
the Saxon-W oods fo rm  fo r the potential used  h e re  can be sim p ly  
rep laced  by any o th e r  fo rm  of n u c lea r potential, and in p a r t ic u la r  
by that of the m icroscop ic  m odel, the re s u lts  of which we c o n s id e r  
in the next section . The n u m erica l de ta ils  of the p rog ram m e a re  
fully  d iscu ssed  by Sm ith (Sm 67).
The autom atic  se a rc h  method em ployed re p re se n ts  an 
efficien t and pow erful m ethod fo r de te rm in ing  the potential p a ra ­
m e te rs  which give b est ag reem en t w ith experim en ta l data . We
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choose as the c r ite r io n  fo r the quality  of fit, a le a s t sq u a res  com  
p arison  betw een experim en ta l and calcu lated  d ifferen tia l c ro s s -  
sections given by the exp ression
N ^ _  , _ _  , 2
N" i=l
gth (Qj)_ - ae^ p(gj) 1 
A o Jexp
H ere N is the num ber of experim en ta l points, CTeXp(®i) *s
experim en ta l d iffe ren tia l c ro s s -s e c tio n  at angle 0  ^ and ^ ^ (^ i)
the co rrespond ing  th eo re tic a l value. The te rm  Ao (0.) is ^ exp i
the a sso c ia ted  experim en ta l e r ro r .
In an ac tual calcu lation , in itia l e s tim a te s  fo r the potential 
p a ra m e te rs  a re  given, the program m e then au tom atica lly  m akes
sy s tem atic  v a ria tio n  in se lec ted  p a ra m e te rs  in a m anner which
__ 2m inim ises A . We know that genera lly  the data can be fitted  
by se v e ra l d isc re te  se ts  of potential p a ra m e te rs , although th ese  
would not a ll be equally  good fits , the autom atic  se a rc h  p rocedu re  
w ill genera lly  converge upon one of th ese  se ts  of p a ra m e te rs  
n e a re s t  to the s ta r tin g  point of the se a rc h  in p a ra m e te r  space .
The efficient u se  of a se a rc h  code is la rg e ly  a m a tte r  of experience . 
Allowing many p a ra m e te rs  to v a ry  fre e ly  tends to  re su lt in th e ir  
uncontro lled  w andering which is w astefu l of com puter tim e  and 
produces re su lts  of lim ited  u se fu ln ess .. A b e tte r  approach  is to 
v a ry  a sm a ll num ber of p a ra m e te rs  (one o r  two) at a tim e , 
changing p a ra m e te rs  throughout the se a rc h . By th is m eans, 
knowing when to v a ry  any given p a ra m e te r , one can co n tro l fa ir ly  
p red ic tab ly  the p ro g ress  of the se a rc h . F o r  exam ple, if we w ished 
to look fo r  a se t of potential p a ra m e te rs  fo r  which V ** 100 MeV 
and a % 0. 6 F . Then considering  only the re a l  p a rt of the po ten ­
tia l  and giving the above values as the in itia l e s tim a te s , to g e th e r 
with som e su itab le  value fo r  the rad ia l p a ra m e te r , we would f i r s t
allow only the rad ia l p a ra m e te r  to vary . Its value would be adjus -
2
ted  to give the m inim um  value of X com patible with the above 
c o n s tra in ts . Only now w ill the potential and d iffuseness p a ra m e te rs
45
be allowed to v a ry  and a few se a rc h  cycles should suffice to a cc u r-
v 2ate ly  locate  the m inim um  A in th is reg ion  of p a ra m e te r  space. 
Thus we w ill have found the op tical potential p a ra m e te rs  which lie  
c lo ses t to the se lec ted  region of in te re s t.
In a ll the re su lts  h e re  the Coulomb rad ius was fixed at 
r  8 1 . 4 F ,  This was done because it is  known r^  is not a v e ry  
sen sitiv e  p a ra m e te r  (Ho 63). Changes in r c can usually  be co m ­
pensated by sm a ll changes in o th er p a ra m e te rs .
2
F o r  the definition of X , the e r r o r s  on a ll experim en ta l
points w ere taken to be 10% of th e ir  m agnitude. This was done
to sim plify  data p rep ara tio n .
Table 1 p re sen ts  optical model p a ra m e te rs  found to fit the
42experim en ta l data fo r Ca at 30. 5 MeV and 42 MeV and fo r  
50Ti at 30. 5 MeV and 44 MeV. F ig u re s  1 to  4 give c o rre sp o n ­
ding exam ples of the fits  to the sc a tte r in g  data fo r se v e ra l se ts  of 
potential p a ra m e te rs . The potentials co v er a wide range of po ten­
tia l depths but the diffuseness p a ra m e te rs  a and a- w ere  kept, 
fo r the m ost p a rt, in the reg ion  of 0. 6 F . The f i r s t  sec tion  of 
each tab le  contains potential p a ra m e te rs  in which the six  p a ra m e te rs  
V, W, r ,  r f, a, a 1 w ere a ll allowed to v a ry  independently during  the 
se a rc h . In the final sec tion  the p a ra m e te rs  w ere  re s tr ic te d  so
that r  = r* and a = a 1, thus leaving only four free  p a ra m e te rs .
42The op tical m odel potentials fo r Ca at 42 MeV contain two 
additional sec tions. One of these  contains p a ra m e te rs  w here  the 
d iffuseness was fre e  to v a ry  fa r  from  the region  of 0. 6 F . The 
o th er contains a  v e ry  deep potential V = 1336 MeV. The s ig ­
nificance of these  additional potentials w ill be d iscu ssed  in de ta il 
la te r . E ach  of the four cases w ill now be d iscussed .
42Ca 30. 5 MeV
The optical m odel fo r strong ly  abso rbed  p a rtic le s  g en e ra lly  
produces an o sc illa to ry  angu lar d is trib u tio n  with a d ecreasin g  
envelope a t la rg e  angles. The experim en ta l data in th is case  how ­
ev e r show# a plateau reg ion  around 105°. It was not found possib le
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Table 4.1 (continued)
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Poten - 
t ia l W a a 1 r r 1
2
X
1 47.0 16. 9 0. 602 0. 604 1. 596 1.591 8. 1
42Ca
2
3
118.4
162.8
19. 8
20. 8
0.599 
0. 593
0. 597 
0.589
1. 438 
1.39
1. 546 
1 .54
7. 3 
6. 3
42 4 212. 3 22. 3 0. 589 0. 586 1. 354 1.52 6. 7
MeV 5 30. 9 18. 4 0. 648 0.526 1. 663 1.667 8. 4
6. 84. 3 16. 7 0. 675 0. 569 1. 43 1. 631 6
7 138. 8 17. 5 0. 759 0. 527 1. 257 1. 667 9. 6
8 146. 3 13. 9 0.788 0.545. 1. 208 1.721 10
9 1336 160. 4 0. 603 0. 605 1. 038 1. 191 14. 8
10 46. 2 16. 8 0. 602 1. 599 8. 5
11 112. 1 28. 5 0. 59 1. 457 10
12 187. 7 48. 5 0. 61 1. 345 10
_ .50Ti
1
2
28.1 
61.4
10. 7 
16. 7
0. 6 
0.588
0. 602 
0.579
1. 664 
1. 546
1. 673 
1.491
4. 3 
5 .4
30. 5 3 99.4 20. 2 0. 594 0.584 1.464 1.43 7
4 242.7 37. 3 0. 597 0. 591 1. 327 1.237 6 .2
MeV 5 61.0 14. 1 0.592 1. 543 7. 3
6 100. 0 18. 1 0. 597 1. 458 7. 3
7 241. 7 29. 5 0. 597 1. 326 10. 1
T i50
1 47. 6 20.4 0. 61 0. 608 1. 584 1. 505 2. 7
2 90.1 24. 7 0.588 0. 581 1.5 1.457 2. 8
44 3 196.4 21. 9 0. 6 0. 6 1. 354 1.469 1. 7
MeV 4 42. 2 14.5 0. 612 1. 59 2. 9
5 88. 5 19. 1 0. 601 1. 493 4. 8
6 207. 2 38.4 0. 599 1. 351 2. 3
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F ig u res  4. 1 to 4 .4
C ro ss -se c tio n s  fo r e la s tic  sc a tte r in g  obtained from  
som e of the optical potentials given in tab le  1.
42F ig u re  4.1 Ca at 30.5 MeV
42F ig u re  4 .2  Ca at 42 MeV
50F ig u re  4. 3 Ti at 30. 5 MeV
50F ig u re  4 .4  Ti at 44 MeV
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to  fit the data ov e r the e n tire  angu lar range of 30° to 175°. The 
sam e conclusion was reached  by Gruhn and W all (G r 65) who d is ­
cuss the problem  in som e deta il. They suggest that a potential 
shape resonance  occu rs which a ttenuates a p a rtic u la r  p a rtia l wave. 
They plotted the to ta l effective potential (Coulomb + N uclear + 
cen trifuga l b a r r ie r )  fo r  various p a rtia l w aves. In the n u c le a r s u r ­
face th is  function fo r c e rta in  L has a m inim um . If the effective 
w avelength is of the sam e size  as the width of the valley  then  a 
standing  wave o r  type of potential shape resonance  can occu r. They
then  investigated  the effect such a resonance  would have by consid-
s
e rin g  a m odified B la ir  Smooth cut off m odel w here a p a r tic u la r
p a rtia l wave could be attenuated . They found the d iffe ren tia l c ro s s -
sec tion  a t back angles ex trem ely  sen sitiv e  to such  an attenuation
but the effects at fo rw ard  angles to be sligh t. Thus they  showed
that ex trem e difficulty  would be encountered  in obtaining op tical
m odel fits  over the e n tire  angu lar d istribu tion , w hereas fo rw ard
angle data m ay be fitted  with re la tiv e  ease . A d iscussion  of the
lim ita tions of the optical m odel is a lso  given by C a r te r  e t. a l (Ca 64).
They show that the op tical m odel cannot rep roduce  anom alies and
that it is genera lly  m ore re liab le  at fo rw ard  angles ra th e r  than
backw ard angles.
In o rd e r  to  get a reasonab le  fit to  the data, only points out
as f a r  as 68° w ere included, since even the addition of one o r  two
2points re su lted  in a la rg e  in c re ase  in X . As a lread y  d iscu ssed , 
the experim en ta l data wses quoted in a rb i t r a ry  un its  and an e s tim a te  
of a n o rm alisa tio n  fac to r had to  be m ade. This n o rm alisa tio n  fa c to r  
o ccu rred  as :an additional p a ra m e te r  in the autom atic  se a rc h , and 
its  values a re  shown in tab le  1. It was found in a ll  c a se s  to  be c lose  
to 5. This value fo r the no rm alisa tio n  led  to a reac tio n  c ro s s -  
sec tion  of about 1500 mb., which is about the sam e as was found 
from  the analysis  at 42 MeV. This suggests that such a n o rm a li­
sa tion  is re a lis tic  in value. L im iting  the angu lar range of the  data  
and allowing the n o rm alisa tio n  fac to r  to a ssum e a b est value, s a t i s ­
fac to ry  fits  could then  be obtained fo r  a la rg e  range of w ell depths.
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The quality  of fit does not v a ry  g rea tly  with the various potential 
depths, although the shallow  potentials have a som ew hat sm a lle r  
value of ^  . As is to  be expected the f its  with six  p a ra m e te rs  
a re  som ew hat b e tte r  than those with only four.
42Ca 42 MeV
Unlike the data at 30. 5 MeV, h e re  the s tro n g  d iffraction  
p a tte rn  extends over the en tire  angu lar range of the data. Good 
fits could be found as can be seen  from  F ig u re  2. The quality  of 
the fit does not seem  to depend to any extent on the potential depth. 
As befo re  the six  p a ra m e te r  fits  a re  a litt le  b e tte r  than the four 
p a ra m e te r  fits . The potentials with a la rg e  v aria tion  in d iffuseness, 
produced fits  on average  of much the sam e quality  as the fou r p a ra ­
m e te r  fits . The quality  of the ve ry  deep potential is defin itely  w orse  
than that of the re s t , but in th is case  the purpose was ra th e r  d if fe r ­
ent as w ill be d iscu ssed  la te r . A genera l c h a ra c te r is tic  found fo r 
a ll fits  was that the p red ic ted  c ro ss  -sec tion  at the f i r s t  d iffraction  
peak is sligh tly  g re a te r  than the data points give. A rea so n  fo r 
th is , suggested  by B la ir  (B1 68), was that th is was probably due to 
experim en ta l e r r o r s  on the n o rm alisa tio n  of the forw ard  angle data.
50Ti 30. 5 MeV
42Again unlike the data fo r  Ca at 30. 5 MeV we have h e re
data showing a s tro n g  uniform  d iffraction  p a tte rn  o v e r the e n tire
angu lar range. R easonable quality  fits  could be obtained covering
the en tire  angu la r range. As is to  be expected, e sp ec ia lly  in a case
such as th is w here the data cover# a wide range (30° to 175°),
v 2im provem ents in A can be made by re s tr ic tin g  the range of data.
o oIn genera l, only data out to 110 o r  130 was. used . A second
reaso n  fo r  the lim ita tion  on data was the am ount the com puter could
2
handle conveniently. The values of X a re  ra th e r  la r g e r  than  in 
the previous case s  but th is  is to be balanced against the fac t tha t 
m ore data a re  being fitted . It was found tha t when the am ount of 
data in the se a rc h  was lim ited , the op tical p o ten tia ls  found did not
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n e c e ssa r ily  give good ag reem en t to data beyond the range used.
This can be seen  in figure  3 w here potential 2 was obtained by 
fitting  data only out as f a r  as 110°, and does not reproduce  the 
data over the final 20° shown on the graph. P o ten tia l 4 was 
obtained using  the data out to 130° so that the data over the final 
20° a re  c o rre c tly  reproduced.
50Ti 44 MeV
As can be seen  f rom figure  4 good quality  fits  w ere  found 
over the en tire  angu la r range. The fits  with deep o r  shallow  po ten­
tia ls  a re  of b as ica lly  the sam e quality. Again the six  p a ra m e te r  
fits a re  som ew hat b e tte r  than those of fou r p a ra m e te rs .
C om paring the four se ts  of op tical m odel p a ra m e te rs  we
note that the values of the depth of the im ag inary  potential in the 
42case  of Ca at 30. 5 MeV tend to be la rg e r  than in the o th e r c a se s .
This can be seen  m ost c le a rly  by com paring  those p a ra m e te rs  fo r
which r  = r 1 and a = a 1. In th is case  th e re  is an a lm ost l in e a r
re la tio n  betw een V and W. The m agnitude of the w avefunction in
42the n u c le a r  in te r io r , in the case of Ca at 30. 5 MeV, can thus 
be expected to be s m a lle r  than the o th er th re e  c a se s . This m ay 
have som e influence on the ine las tic  sc a tte r in g  re s u lts . W here 
six  p a ra m e te rs  w ere f re e  to v a ry  it was found tha t W was la rg e ly  
independent of V. It was possib le to obtain fits  using im ag inary  
potentials of vary ing  d isc re te  depths by allow ing sm a ll changes in 
the re a l  w ell p a ra m e te rs . This can be seen  b est by com paring  
correspond ing  potentials of around 200 MeV depth fo r  the fo u r and 
six  p a ra m e te r  c ase s .
G enerally , it was found to be possib le  to obtain fits  to  the 
data with potentials as shallow  as about 25 MeV. T here  appeared  
to be no c le a r  cut upper lim it to the possib le  potential depths but a 
genera l fall in quality  as V becam e v e ry  la rg e .
The Igo c r ite r io n  (Ig 58) that the n u c le a r su rface  reg ion  m ust 
be unchanged can be su m m arised  by the ex p ress io n
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(R -R )/a
V e °  R »  Ro o
which m ust be the sam e fo r a ll  po ten tia ls, and s im ila r ly  fo r  the
im ag inary  com ponent. This c r ite r io n  is no rm ally  reduced to
R .
V e = constant . . .  (4. 2)o '
which is a valid  sta tem en t of Igo‘s c r ite r io n  only if the d iffuseness 
p a ra m e te r  a is v a ried  v e ry  little .
An a lte rn a tiv e  phenom enological descrip tio n  of e la s tic  s c a t ­
te r in g  is obtained through d irec t p a ra m e te risa tio n  of the phase sh ifts
2i g
6t o r  the reflec tion  coefficients t]t = e L. A usefu l s izeLj ju
p a ra m e te r  obtained from  th is fo rm  of analy sis  is the s tro n g  a b so rp ­
tion rad ius R^ which is defined as (B1 54).
2
kR ji = n + jn 2 + Lo (Lo + 1 ) )  * . . . ( 4 . 3 )
7 ’7j e^uw here n = ( '"1 T ^ ) is the Coulomb p a ra m e te r  and Lq is
the angu lar m om entum  fo r which R ( r| ) = i. e. R* is the c la s -e B 2
s ic a l tu rn ing  point fo r a p a rtic le  of o rb ita l angu lar m om entum  Lq .
As pointed out by A ls te r  and Conzett (A1 64) th e re  is no rea so n  to
expect R^ obtained from  a d ire c t phase analysis  to  be equal to  the
2
value of Rq obtained from  an optical m odel analysis  of the sam e
data, and in genera l it is found R*. > R . A su rv ey  of the data
2 o
ov er a range of incident energ ies has given the form ula (F r  63).
I / o
Ri  = 1.446 A + 2 .2 9  fm . . . . ( 4 . 4 )
2
and a fu r th e r  su rv ey  at 44 MeV has given (Fa 68)
^3R i = 1 .52  A + 2 .1 4  fro. . . . ( 4 .5 )
2
with individual nuclei showing su b stan tia l deviations from  th is 
s tandard  form ula. R ecently  B la ir  and F ernandez  (B1 67) have 
shown that it is possib le  to connect th is  m ethod of phase sh ift
ana ly sis  and op tical model analysis by u sing  an op tical po ten tial to
genera te  the re flec tion  coefficients and then  defining the c o rre sp o n ­
ding s tro n g  absorp tion  rad iu s , which we sh a ll denote by RiP"^.
2
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The re su lts  fo r R^ and obtained by B la ir  and Fernandez
2 2
d iffer by le ss  than 1 %.
F ro m  the re flec tion  coefficients q calcu lated  in the opti
cal m odel ana ly sis , values of L (in terpo la ted  to non -in teger values)
°  OMand thus stro n g  absorp tion  ra d ii R^ w ere  calcu lated  fo r som e
2
poten tials. A lso calcu lated  w ere  the values of the re a l and im agin
a ry  p a rts  of the n uc lear potential at the s tro n g  absorp tion  rad ius
OM. , OM. _ + , r Ro /a  Ro/a*V(Rj^ ) and W(R^ ), and the Igo te rm s  V e and W e  .
2 2 O O
T hese a re  shown in tab le  2. F ig u re s  5 to 7 give typ ical plots of the 
re flec tio n  coefficien ts as a function of L. Note the basic  s im ila r ity  in 
the plots of Tj  ^ fo r a ll potentials co rrespond ing  to a given nucleus and 
energy. The ac tual v a ria tio n  of T]^ with L is not a v e ry  sm ooth 
function. This effect was noted by M cFadden and S a tch le r (Me 66) 
who questioned the accu racy  of sm ooth p a ram ete riza tio n  of t] as
i 2a function of L. In co n tra st, the plots of 1 -  I q ^  I a lso  shown
a re  much sm oo ther vary ing  functions of L. It m ay thus be m ore
a ccu ra te , as suggested  by B la ir  and F ernandez  (B1 67), to u se  an
a lte rn a tiv e  definition of the stro n g  absorp tion  rad iu s in te rm s  of the
2halfway value of the function 1 - | q | . The plots a lso  help to
i_j
em phasisethe s tren g th  of the absorp tion . Note in a ll cases  the r e f le c ­
tion goes from  alm ost com plete absorp tion  to com plete re flec tio n  
within about 8 p a rtia l waves.
42F o r  the f i r s t  group of potentials fo r Ca at 42 MeV given 
in tab le  2, the diffuseness p a ra m e te rs  a and a 1 w ere kept c lose  
to 0. 6 F . F o r  these  it can be seen  that the Igo c rite r io n  is a p p ro x ­
im ately  sa tis fied  fo r both the re a l  and im ag inary  p a rts  of the poten-" 
tia l. The second group in tab le  2 co rresponds to p a ra m e te rs  
w here the d iffuseness p a ra m e te rs  w ere  allowed to v a ry  quite free ly .
In th is case  the Igo c rite r io n , in the fo rm  of Eq. 2, cannot be s a t i s ­
fied because of the la rg e  varia tion  in the d iffuseness. On the o th er 
hand, the s tro n g  absorp tion  rad iu s , and the value of the re a l  poten­
t ia l  at the s tro n g  absorp tion  rad ius a re  rem ark ab ly  constant fo r  a ll  
po ten tials. The sam e a lso  holds fo r the v e ry  deep potential a lso
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Table 4. 2. S trong A bsorption R adii and Igo T erm s
P oten tia l
Rf / 
V e o /a  
(MeV)
R ' / t
W e ° /a  
(MeV)
r ? m
2
(F)
V(R i° M)2
(MeV)
W(R?M)
2
(MeV)
1 4 .7 2 x l0 5 1. 6x105 7. 323 - 2. 34 - 0. 83_ 42Ca 2 4. 98 1. 61 7. 313 - 2 .44 - 0. 74
3 5. 6 1. 85 7. 318 - 2. 44 - 0. 72
42 4 6. 27 1. 84 7. 327 - 2. 45 - 0. 66
MeV 5 2. 3 11. 68 7. 332 - 2. 58 - 0. 93
6 1. 33 3. 55 7. 324 - 2. 5 - 0. 86
7 0. 44 10. 43 7. 367 - 2. 63 - 0. 84
8 0. 3 8. 13 7. 377 - 2. 55 - 1 . 0
9 5. 3 1.5 7. 367 - 2. 62 - 0. 77
^  42 Ca 1 6 . 68xl05 2. 94x105 7. 645 - 1. 85 - 0. 87
30. 5 
MeV 3 6. 34 2. 84 7. 661 - 1. 91 -0 . 82
otoE-* 2 9. 88x10^ 2 .1 9 x l0 5 7. 747 - 1. 82 - 0. 32
30. 5 4 8. 74 0. 83 7. 788 - 1. 87 - 0. 16
MeV
T .501 1 6 .8x l05 1 .86xl05 7. 605 - 2. 48 - 0. 67
44 2 10. 9 2. 54 7.616 - 2.51 - 0.51
MeV 3 8. 0 1. 81 7. 594 - 2 .52 - 0. 56
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F ig u res  4 .5  to 4 .7  
E xam ples of the re a l and im ag inary  p a rts  of the re flec tion
i i 2coefficients t]t and the absorp tion  coefficients 1 - h lTi-/ ’ -Lr
given by som e of the potentials in tab le  1.
42F ig u re  4. 5 Ca at 30. 5 MeV
F ig u re  4. 6 C a ^  at 42 MeV
50F ig u re  4 .7  T i a t 30.5 MeV
6 0
POTENTIAL 3Q8\
0.6
0 .4
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quoted in the final section  of tab le  2. The values of the im aginary  
potential a t the s tro n g  absorp tion  rad ius a re  sm a ll and approxim ately
equal. The sam e conclusions a lso  hold, fo r the re su lts  shown in
42 50table 2, fo r Ca at 30. 5 MeV and fo r T^ at 30. 5 and 44 MeV.
A proposed c rite r io n  is thus that fo r equivalence of op tical poten­
tia ls  fo r s trong ly  absorbed  p ro jec tile s , the re a l p a rt of the poten­
tia ls  should be equal at the s trong  absorp tion  rad iu s.
A com parison  of re su lts  fo r the s tro n g  absorp tion  rad ii is 
given in tab le 3. F o r  the purpose of com parison  it m ust be noted 
that the form ulae given by Eqs. 4 and 5 rep re se n t the g enera l trend  
fo r a wide range of nuclei, but individual nuclei a re  known to show 
deviations from  th is trend . It m ust a lso  be noted that the analysis  
of B la ir  and Fernandez  has been c a r r ie d  out with much m ore accu ra te
data than hap h ith e rto  been availab le . In these  c ircu m stan ces  the
42ag reem en t betw een the re su lts  fo r Ca a t 42 MeV seem  quite
50sa tis fac to ry , and so is the ag reem en t fo r T£ . T here  is som e
discrepancy  betw een the re su lts  obtained at 30. 5 MeV and 42-44
MeV which might suggest som e energy  dependence (Ro 60) fo r the
stro n g  absorp tion  rad iu s . L ippincott and B ern ste in  (Li 67) in recen t
42w ork on e la s tic  a lp h a -sc a tte rin g  from  Ca at 31 MeV quote an 
optical potential which fits th e ir  data. Using th is , a value of the 
s tro n g  absorp tion  rad ius was calcu lated  and found to be in excellen t 
ag reem en t with the value quoted h ere  at 30,5  MeV.
Table 4. 3. C om parison of R esu lts  fo r the S trong A bsorption Radii.
This w ork 
E=30. 5MeV
This w ork 
E=42 -44MeV
Ref(Bl 67) 
E=42MeV Eq. 4 Eq. 5
Ca42 1. 65 + 0. 03 7. 35 + 0 .03 7.385 7. 32 7 .43
Ti b° 7. 77 + 0. 03 7. 61 + 0.03 7. 586 7. 62 7. 75T
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A lso investigated  is the n a tu re  of the optical m odel wave- 
function in the v icin ity  of the nucleus. This is  given by the usual 
form ula.
= /  , iL (2L+l) $ T (kE) P T (cos 0)
T JL/X—i
w here f T (kR) is the solution of the rad ia l Schrodinger equation and
0 is the angle of sca tte rin g . By evaluating | v|s| as a function of
R fo r 6 = 0 °  and 0 = 180° we obtain a p ic tu re  of the v a ria tio n  of
the modulus of the wave function along the z -a x is , which is taken in
the no rm al way to be along the d irec tion  of the incident beam .
R esu lts fo r various potentials a re  shown in figure  8 and 9. F ro m
these  re su lts  it can be seen  that on the illum inated  side of the nucleus
(i. e. Z < 0) , the m odulus of the wavefunctions given by equivalent
potentials shows v e ry  s im ila r  behaviour, and in p a rtic u la r  that the
absorp tion  effect on the wavefunction begins in the v ic in ity  of the
s tro n g  absorp tion  rad iu s . Thus we see  that the s tro n g  abso rp tion
rad ius has a v e ry  re a l  physical sign ificance as a m easu re  of the
d istance from  the o rig in  at which the p ro cess  of absorp tion  begins
to be effective. On the dark  side of the nucleus we note the now
fa m ilia r  focus (Au 61, Me 59) is form ed. As the s tren g th  of the
re a l  p a rt of the potential is in c reased  the focussing  effect becom es
s tro n g e r, i. e. the focus in c re ases  in in tensity  and m oves fa r th e r
inside the nucleus. Using the optical analogy th is  effect would
co rrespond  to in c reas in g  the re fra c tiv e  index. F o r  the v e ry  deep 
42potential (Ca , 42 MeV potential 9 of tab le  1) the focus m oves 
s t i l l  fu r th e r  inside the nucleus, but in th is  case  the im ag inary  p a rt 
of the potential is so la rg e  that the in tensity  on the dark  side  of the 
nucleus is d ra s tic a lly  reduced. In the w ork of M cCarthy (Me 59) 
sim ple  single foci w ere  noted. In th is  w ork s e v e ra l potentials a re  
fa r  deeper than those considered  by M cCarthy, and in th ese  cases  
the p rincip le  focus is a ssoc ia ted  with a s e r ie s  of seco n d ary  foci.
The sep ara tio n  of the secondary  foci is about 0. 6 tim es the w ave­
length of the op tical model wavefunction in the n u c lea r in te r io r .
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F ig u re s  4. 8 and 4. 9
The moduli of the optical model wavefunction fo r sc a tte r in g  
obtained from  som e of the optical potentials given in tab le 1. The 
w avefunctions a re  calcu lated  along the z -a x is  with the o rig in  a t the 
cen tre  of the potential. The dotted lines indicate  the position of the 
halfway rad ius of the potential.
F ig u re  4. 8 
F ig u re  4. 9
Ca42 at 42 MeV
42 50Ca and Ti a t 30.5 MeV.
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This ind icates tha t the secondary  foci a re  form ed by the in te rfe ren ce  
of the incident beam  with that re flec ted  back from  the fa r  su rface  of 
the potential as only fo r a lm ost head-on  beam s is such a sh o rt s e p ­
a ra tio n  of fringes possib le . Only in the case  of the exceptionally  
deep potential can it be said  that the probability  fo r the a lp h a -p a rtic le  
to penetra te  into the in te r io r  of the nucleus is negligibly sm a ll. The 
behaviour of the wavefunction on the dark  side of the nucleus does 
not indicate any sp ec ia l ro le  fo r  the s tro n g  absorp tion  rad ius in th is 
region.
It was suggested  by R aw itscher (Ra 68) that a study should be
made of the effective potential V ^  fo r p a rtia l waves with a re flec tion
coefficient of \/o . 5. It can be shown that fo r a potential b a r r ie r  of
parabolic  shape, the tra n sm iss io n  w ill be 0. 5 if the height of the
b a r r ie r  equals the energy  of the beam . It is thus in te re s tin g  to see
2if the p a rtia l waves fo r which | q j  = 0. 5 show a b a r r ie r  in the 
correspond ing  effective potential of height equal to the energy  of the 
beam .
V .. = V + VN + ) fa-
eff c N 2 (i R
Vc = Coulomb potential 
VN = N uclear potential.
2Values of L correspond ing  to h lT = 0 . 5  w ere  found
2from  the plots of 1 - | T] | against L, and in te rpo la ted  to non-L
in teg er va lues. P lo ts of V against R a re  shown in fig u res  10
42and 11 fo r se v e ra l potentials fo r Ca a t 30.5 MeV and 42 MeV.
F o r  the above argum ent to be applicable we req u ire  that V ^  m ust 
be roughly parabo lic  in fo rm  n e a r  the reg ion  of the peak. A lso the 
im ag inary  component of the potential should be sm a ll outside and 
la rg e  enough inside the peak so  that what is  tra n sm itte d  th rough  the 
b a r r i e r  is m ostly  absorbed  and not re tra n sm itte d . The heights of 
the b a r r ie r s  should be com pared to the re la tiv e  energy  of the a lp h a - 
p a rtic le  and ta rg e t nucleus in the cen tre  of m ass sy s tem
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F ig u res  4 .10  and 4,11
The effective potential V ^  fo r the p a rtia l waves fo r 
which |tj | 2 = 0. 5 a re  shown, obtained from  som e of the
optical potentials in tab le  1. Also shown is the position of the
s tro n g  absorp tion  rad iu s and the beam  energy  in the cen tre
2
of m ass sy stem
42F ig u re  4 .10  Ca 30.5 MeV
42F ig u re  4.11 Ca 42 MeV
42Ca 3Q-5 MeV
potential 1
40
c.m
eff
MeV
(F)
-40
Figure 4 -10
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42 42  MeVCa
potential
4 0
c.m
0
(F)
Figure 4 -11
( = E LAB X M + m  >■ which fo r  C&42 is
72
e l a b e c m
30. 5 MeV 27. 8 MeV
42 38. 3
We see  from  fig u res  10 and 11 that V ^  does, with the exception 
of potential 1 of figure  11, show a peak. P o ten tia l 1, which is the 
shallow est potential, shows a p lateau region  w here the o th e rs  have 
peaks. The peaks fa ll about lfm  inside the s tro n g  abso rp tion  rad ius 
and a re  fa ir ly  constant in height. T h e ir  height how ever is about 
1. 5 MeV above the beam  energy. A lso the im ag inary  com ponent of 
the potential is of the o rd e r  of 1 MeV deep in th is  reg ion  so it 
cannot be considered  en tire ly  neglig ible. As a guide, how ever, one 
can expect a peak of height sligh tly  g re a te r  than the energy  of the 
beam , to be shown in a plot of V fo r the p a rtia l wave w here  
| \ | 2= 0 .5 .
4. 3 M icroscopic A nalysis
The optical potential is obtained h e re  by folding the a lp h a -
nucleon in te rac tio n  into the n u c lea r density  d istribu tion . F o r  the
fo rm  of the n u c lea r density  we r e fe r  to the w ork of E lton, Swift and
Shaw (El 67, Sw 66, Sh 65) on e la s tic  e lec tro n  sc a tte r in g  from  the
40 44 48calcium  iso topes. T heir analysis of the iso topes Ca ' ' gave
sing le  p a rtic le  Saxon-W oods potentials tha t y ie lded  charge  d i s t r i ­
butions, which fitted  the e la s tic  e lec tro n  sc a tte r in g  data, and gave
s in g le -p a rtic le  en erg ies , fo r both protons and neu trons, in a g re e -
42m ent with the known sep ara tio n  e n erg ies . F o r  the nuclei Ca and
50Tj^  which concern  us h ere , and fo r  which sing le  p a rtic le  poten tials
42a re  not availab le , we do as follow s. F o r  Ca we take the w ell
40p a ra m e te rs  fo r Ca (Sh 65) and allow the potential depth to  v a ry
sligh tly  in o rd e r  to fit the sep ara tio n  energy  fo r the I f  -j n eu tro n s .
2
In th is case  a ll nucleons a re  fitted  into the sam e potential w ell. In
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50 48the case  of we take the p a ra m e te rs  fo r Ca (Sw 66) and
s im ila r ly  allow the depth p a ra m e te r  to v a ry  in o rd e r  to fit the
sep ara tio n  energy  of the o u te r core  If* p ro tons. The o rig ina l
48 2p a ra m e te rs  in th is  case  fo r Ca re fe r re d  to  energy  dependent 
po ten tials. As in the p resen t w ork the exact fo rm  of the n u c lea r 
density  is  not as c r it ic a l as in the e lec tro n  sc a tte r in g  case , we 
sim plify  the w ork sligh tly  by fitting  a ll nucleons into th is one poten­
tia l  w ell.
The calcu lations w ere perfo rm ed  using  a l ib ra ry  com puter 
p rogram m e fo r bound s ta te  wavefunctions due to  Tow ner (To 66). 
W riting the potential in the form :
V(r) = -V  f(r) - V i  f (r) i . s  (—  -----)2 + Vo s o r d r   m e  c7T
w here f(r) = ( 1 + exp ( - — — )) ^a
l/o
and H = r  A ' 6.o
V is the Coulomb potential which fo r  neu trons is of cou rse  ze ro , c
and fo r  protons taken to be due to a un iform ly  charged  sp h e re  of 
rad ius R. The w ell p a ra m e te rs  w ere found to  be:
C a42 T i50
V 52. 1 58. 3 MeVo
r 1.29 1. 26 Fo -
a 0. 65 0. 45 F
V 11 8. 3 MeV
SO
With the single p a rtic le  wavefunctions co rrespond ing  to  th ese
w ell p a ra m e te rs  the n u c lea r density  d istribu tions w ere  calcu lated ,
42ussing  Eq. 3. 35, to give those shown in figure  12. F o r  Ca the pro ton  
and neu tron  density  d istribu tions a re  v e ry  s im ila r . The sligh t excess
of neu trons in the ta il  is diie-to the e x tra  co re  neu trons in the l f x
, , _  _  50 . . 2s ta te . F o r  T^ the additional sh e ll of neu trons shows its e lf  by
extending c le a r ly  beyond the proton d istribu tion .
O ptical potentials form ed from  th ese  density  d istrib u tio n s
using  Eq. 3. 34 a re  shown in figures 13 and 14. In each case  the
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F igure  4. 12
The figure  shows fo r C a ^  and Ti**® the neu tron , pro ton  
and to ta l density  d istribu tions found from  the sh e ll m odel w ave­
functions used in th is work.
Figures  4 .13 and 4 .14
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The re a l p a rt of the optical potentials derived  from  the m ic ro ­
scopic m odel. In each case  Vq = 50 MeV, and the range p a ra m e te r  
K v a rie s  from  0. 435 F * to 0. 565 F *. A lso shown fo r com parison  
is a Saxon-W oods phenom enological potential found from  the previous 
section .
42F ig u re  4 .13  Ca : In addition the optical potential
calcu lated  analy tically  by Jackson  (Ja 65) with K = 0. 5 F
and V = 50 MeV fo r o sc illa to r  wavefunctions is shown, o
50F ig u re  4 .14  Ti
42Ca
0-10
o — oscillator
Saxon -Woods
- 101
V(r) 
M eV
2-10
K= 0 -4 3 5  
K = 0-5  
K = 0 -5 6 5
2 8
Figure 4-13
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stren g th  of the potential Vq = 5 0  MeV and the range p a ra m e te r  
K = 0. 435 to 0. 565 F *. A lso shown is a typ ical Saxon-W oods 
optical potential found in the previous section . The logarithm ic  
sca le  helps to em phasise  the im portan t su rface  region. The depth 
of the potentials so  fo rm ed a re  in the region  230 to 460 MeV. In 
figure 13 the op tical potential calcu lated  analy tica lly  by Jackson  
(Ja 65) using  o sc illa to r  wavefunctions with Vq = 50 MeV and 
K = 0. 5 F * is a lso  shown. Note that the effect of using  Saxon- 
Woods ra th e r  than o sc illa to r  wavefunctions is v e ry  sm a ll. In th is 
case  the o sc illa to r  potential extends sligh tly  beyond that due to the 
Saxon-W oods w avefunctions. In the im portan t su rface  reg ion  around 
the s tro n g  absorp tion  rad iu s the d iffuseness does not change v e ry  
much as a function of the range p a ra m e te r  K. Also the d iffuseness 
is in good ag reem en t with that of the Saxon-W oods op tical potential. 
Com paring with the Saxon-W oods potential a t the s tro n g  abso rp tion  
rad iu s , which is known to be im portan t from  the previous section , 
it is c le a r  that the form ed potentials w ill have to  be ad justed  in m ag ­
nitude in o rd e r  to fit the sc a tte r in g  data. As the range p a ra m e te r  
K m akes little  d ifference to the diffuseness in the su rface  reg ion  we 
did the following. The range p a ra m e te r  K was fixed at K = 0. 5 F  * 
fo r a ll subsequent calcu lations. The s tre n g th  p a ra m e te r  Vq was 
allowed to v a ry  in o rd e r  to give b est ag reem en t to the sc a tte r in g  
data. A lso, as d iscu ssed  in chap ter 3, the im ag inary  com ponent 
of the op tical potential was made to have the sam e ra d ia l fo rm  as 
the re a l  p a rt with a s tren g th  Wq which was f re e  to vary .
F ig u re  15 shows a plot of the op tical potential superim posed
42on the n u c lea r density  d is tribu tion  fo r  Ca . Note that the s tro n g
absorp tion  rad ius which is the sen sitiv e  region  fo r alpha-
2
p a rtic le  sc a tte r in g  occu rs f a r  outside the n u c le a r m a tte r  d is trib u tio n . 
We thus see  the lim ita tions that a re  to be expected on what in fo rm a ­
tion  can be found from  th is type of an a ly sis . The fo rm  of the  op tica l 
potential at the s tro n g  absorp tion  rad ius cannot re fle c t to any exten t 
fine de ta il of the n u c lea r m a tte r  d istribu tion . The close  ag reem en t
42Ca
+j
c
D
V ( r)
8
R (F)
F ig u re  4,15
F o r  C a ^  is shown a plot of the m icro scop ic  m odel op tical 
potential superim posed  on the n u c lea r density  d is trib u tio n . The 
position of the s tro n g  absorp tion  rad ius , which is the se n s itiv e  
reg ion  fo r e la s tic  alpha - p a rtic le  sc a tte r in g  can be seen  to  be w ell 
c le a r  of the n u c lea r density  d istribu tion
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betw een the op tical potentials derived  from  o sc illa to r  and Saxon- 
Wood wavefunctions helps to em phasis th is fact. A lso the s im ila r ity  
of the optical potentials fo r various range p a ra m e te rs  shows the 
lim ita tion  of the analysis  fo r  de term in ing  the alpha-nucleon  potential.
The effect of a density-dependent a lpha-nucleon  potential was 
a lso  investigated  as d iscu ssed  ii chap ter 1. By sim ple  p a ra m e te r i-  
s at ion the alpha-nucleon  potential is w ritten  in the form :
V(d, r) = -V o e -  k2<i2 ( 1 -  k -£ g }  )
0 <ck<c l
The p a ra m e te r  k has the effect of dam ping out con tributions from  
the n u c lea r in te r io r . F ig u re  16 shows how th is influences the fo rm  
of the resu ltin g  op tical potential. A ll potentials shown have the sam e 
value of V . As is  to be expected the effect is g re a te s t in the cen tre  
of the nucleus, the ta i l  being only s ligh tly  reduced in m agnitude with 
in c reas in g  k.
T hese potentials w ere used in a m odified v e rs io n  of the o p ti­
ca l model se a rc h  code to calcu late  the sc a tte r in g  they produced. The 
potential was c h a ra c te r ise d  by ju st two p a ra m e te rs  Vq and W , 
which w ere  au tom atica lly  adjusted  to give the b est fit to the data.
The Coulomb potential was again taken to  be tha t due to  a un ifo rm ly  
charged sp h e re , in each case  with r^  = 1. 4 F .
Table 4 gives the values of the p a ra m e te rs  which give the 
b est ag reem en t with the e la s tic  sc a tte r in g  data. C orrespond ing  
exam ples of the quality  of the fits  a re  shown in figu res 17 to 20. In
a ll cases  the re su lts  a re  sa tis fac to ry  considering  the sm a ll num ber
42of p a ra m e te rs  involved. In the case  of Ca a t 42 MeV the values 
2
of X a re  about the sam e as those found in the phenom enological
__ 2an a ly sis . F o r  the o th er th ree  cases X  is typ ically  about tw ice
the co rrespond ing  phenom enological va lues. The le a s t s a t is fa c to ry
50in appearance  is that fo r  T^ at 30. 5 MeV but h e re  the data  co v ers  
a f a r  la rg e r  angu lar range than the o th er c a se s . The quality  of the 
fits  is not to any extent sensitive  to the dam ping p a ra m e te r  k. The 
values of Vq and Wq r is e  som ew hat w ith in c reas in g  k . a s  is  to  be
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Vn = 5 0  MeV
-10
V(r)
MeV
k = 0-9
k = 0 - 6
R (F)
F igu re  4.16
The figure shows the influence on the m icro scop ic  op tical 
potential of the p a ra m e te r  k. The calcu lation  is fo r C a ^ .  In 
each case  V0 = 50 MeV and K 5 0 .5  F '^ .  The lo g arith m ic  sc a le  
helps to show the behaviour in the su rface  reg ion  m ore c le a rly .
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Table 4. 4 M icroscopic Model, A lpha-N ucleon P o ten tia l P a ra m e te rs . 
In each case  K = 0. 5 F *
Vo W0 X 2 NORMK (MeV) (MeV)
^  42 Ca 0 43. 6 25. 0 3. 6 5. 1
30. 5 0. 2 44. 5 28. 3 5. 3 4 .49
MeV 0 .4 48. 3 27.7 3. 6 4. 57
0. 6 49. 5 31. 5 4. 8 4. 8
0. 8 53. 2 32. 5 4 .4 4. 29
0. 9 53. 2 35. 9 5 .3 4 .6
0 35. 6 13. 4 8 .4
42Ca
0. 2 37. 3 14.5 7. 8
42
0. 4 43 .4 17. 9 10.1
MeV
0. 6 43. 5 18.1 9
0. 8 44 .4 18. 8 7. 8
0. 9 45. 5 20. 9 7. 7
0 34. 9 8.1 11. 6
T 50 i 0. 2 36. 8 9. 4 14.4
30. 5 0 .4 38. 3 9. 9 13
MeV 0. 6 38.0 11.0 14
0. 8 43. 2 14. 0 16. 9
0. 9 40. 5 12. 9 16. 9
T 50
0 36. 3 11.8 3. 6
i 0 .2 38. 1 12. 9 4
44 0 .4 40.2 14.2 4 .4
MeV 0. 6 4 2 .4 15.7 4 .8
0. 8 44. 9 17.6 5. 3
j . ..........................
0. 9 46 .4 18.5 5 .7
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F ig u re s  4 .17 to 4.20
Exam ples of c ro s s -se c tio n s  fo r e la s tic  sc a tte r in g  obtained 
with optical potentials derived  from  the m icroscop ic  m odel. The 
p a ra m e te rs  of the potentials a re  given in tab le  4.
.42F ig u re  4 .17 
F ig u re  4 .18  
F ig u re  4 .19  
F ig u re  4. 20
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Ca42
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Figure 4 - 1 7
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expected, so  that the su rface  of the op tical potential rem ains ap p ro ­
xim ately  constant. The s tro n g  absorp tion  rad ius fo r  these  potentials 
with k = 0 to g e th er with the value of the re a l  and im ag inary  com pon­
ents a t th is  rad ius a re  given in tab le  5. C om paring with the c o rre s  ­
ponding re su lts  fo r the phenom enological analysis we see  that in a ll 
cases the d ifference in the s tro n g  absorp tion  rad ii is le s s  than 1%. 
The values of the re a l  p a rt of the potential a t the s tro n g  absorp tion  
rad ius a re  a lso  in v e ry  good ag reem en t. The im ag inary  p a rts  of 
the potential a re  not in such good ag reem en t, the Saxon-W oods case  
being genera lly  a l it t le  sm a lle r .
Table 4. 5 M icroscopic Model S trong A bsorption R adii. The values
co rrespond  to the case  fo r which k = 0.
E nergy
(MeV)
Ri
(F)
Vjl2
(MeV)
Wi2
(MeV)
42Ca 30. 5 7. 59 - 1. 92 - 1.1
42 7. 34 - 2 ,3 - 0.87
T 50 Ai 30. 5 7. 78 -1 .8 3 - 0.42
44 7.61 -2 .4 7 - 0 .8
We see  from  the re su lts  that the m odel is capable of producing 
op tical potentials which fit the sc a tte r in g  data  with a lpha-nucleon  
potentials w hich a re  reasonab ly  s im ila r  to  those found from  fre e  
pro ton-alpha  e la s tic  sc a tte rin g . In each case  the value of VQ was 
around 40 MeV. The potentials a lso  produced s tro n g  abso rp tion  
ra d ii in ag reem en t w ith those of the phenom enological po ten tials and 
w ere  a lso  v e ry  s im ila r  in the im portan t su rface  region. However,.we 
have a lso  found that the m odel was not sen sitiv e  enough to d istingu ish  
betw een the Saxon-W oods and O sc illa to r density  d is trib u tio n s . Indeed, 
the calcu lations employing a density  dependent a lpha-nucleon  po ten ­
tia l  could a lte rn a tiv e ly  be looked upon as^change$ in the d ensity  d i s ­
tribu tion . In th ese  c ase s  sm a ll changes in the potential p a ra m e te rs  
sufficed to give op tical potentials which gave sa tis fac to ry  f its  to  the
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data. It was a lso  found tha t the resu lts  w ere  not ve ry  sensitive  to the 
fo rm  of the a lpha-nucleon  potential over the range considered  h e re . 
S im ila r calcu lations by Jackson  and Kem bhavi (Ja 69) on the calcium  
isotopes how ever, took as the fo rm  of the alpha-nucleon in te rac tio n  
a Yukawa potential. The long ta i l  of th is  potential when folded into 
the n u c lea r density  d istribu tion  produced op tical potentials too 
diffuse and hence unable to give r is e  to  the req u ired  sh a rp  d iffra c ­
tion p a tte rn  in the d iffe ren tia l c ro s s -se c tio n s . Reducing the range 
of the potential led  to sh a rp e r  d iffraction  p a tte rn s  but gave in c o rre c t 
spacing  of peaks. We thus see  that the fo rm  of the alpha-nucleon 
in te rac tio n  needs to be chosen with som e care .
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CHAPTER 5
Inelastic  S ca tte ring  A nalysis
In the in troduction  the sc a tte r in g  problem s to be exam ined 
w ere defined. In chap ters 2 and 3 the equations which o ffer the 
solutions to these  sc a tte r in g  problem s w ere  given. F o r  the m ost 
p a rt the construction  of a com puter p rog ram m e to p erfo rm  the n e c e ­
s s a ry  calcu lations is a stra ig h tfo rw ard , though tim e consum ing 
p ro cess .
The sc a tte r in g  code used is based  on a coupled channels 
p rogram m e w ritten  and developed by W ills (Wi 63). As the o rig ina l 
code was w ritten  in F o r tra n  and as no fac ilitie s  w ere availab le  fo r 
running o r  developing in th is  language, the program m e was t r a n s la ­
ted  into Algol. The o rig ina l code was a s tra ig h tfo rw ard  ro ta tiona l 
and v ib ra tiona l m odel p rog ram m e. B esides producing a tra n s la tio n  
equivalent to the o rig ina l, by m odification to a few sub rou tines, a 
second program m e was developed which could handle the in e las tic  
sc a tte r in g  fo r  the m icroscop ic  m odel, e ith e r  in p a rt w here the o p ti­
cal potential was taken as a phenom enological form , o r  in full 
w here the m icroscop ic  model is used  en tire ly . The n u m erica l 
d e ta ils  involved a re  given by W ills (Wi 63) and w ill not be d iscu ssed  
h e re .
As a te s t  on the p rec ision  of the p rogram m e, it was run  with 
the sam e data as used  by W ills and produced iden tica l re s u lts .  The 
o rig ina l W ills code has itse lf  been ex tensively  te s ted  by the au thor. 
C om parisons w ere a lso  made with ano ther coupled channels code 
w ritten  by Hill (At). The two codes w ere  found to be in  exceU ent 
ag reem en t. B ecause the code of H ill is availab le  as a l ib ra ry  p ro ­
gram m e at the A tlas com puter lab o ra to ry , it was used  fo r  som e of 
the ro ta tiona l m odel calculations to be found in the following se c tio n s . 
The p red ic ted  e la s tic  channel c ro s s -se c tio n s  w ere  a lso  found to  be 
consistan t with those found using op tical m odel p ro g ram m es . The 
p rogram m e had the fac ility  that it could a lso  be used  as a DWBA 
code.
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A se p a ra te  sh o r te r  p rogram m e was w ritten  to evaluate the 
effective in te rac tio n  o r fo rm  fac to r of the m icroscop ic  m odel. It 
was a rran g ed  tha t the form  fac to rs  w ere  output from  the program m e 
on punched paper tape in a fo rm  su itab le  as data fo r the coupled 
channels code. A check on th is  p rogram m e was made by com paring  
with the effective in te rac tions calcu lated  analy tically  by Jackson  
(Ja 65) using o sc illa to r  w avefunctions.
The following section  gives a review  of the data on in e las tic  
a lp h a -p a rtic le  sc a tte r in g  used  in th is analy sis . A section  on the 
ro ta tiona l m odel is included. The re su lts  of the m icroscop ic  a n a ly s ­
is a re  p resen ted  in section  3. It fa lls  b road ly  into th ree  p a rts . The 
f i r s t  deals with the fo rm  of the in e las tic  fo rm  fac to rs  and the effect 
of the inclusion of configuration m ix ture  s ta te s . The second p a rt 
is  concerned  with the sc a tte r in g  that re su lts  when a phenom enological 
op tical m odel potential is used  and the final p a rt, when a fu ll m ic ro ­
scopic model d escrip tion  of the sc a tte r in g  is used. The ch ap ter 
ends with a sum m ary  of the re su lts  found.
5.1 E xperim en ta l Data
Gruhn and W all (Gr 65) m easu red  the in e las tic  a lp h a -p a rtic le
+ 42 50sc a tte r in g  to the low est lying 2 s ta te  fo r both Ca and Ti . The
lab o ra to ry  energy was 30. 5 MeV and the angu lar range of the
m easu rem en ts being in the case  of C a ^  48° to 106° and fo r T i ^ .
30° to  77. 5°. The experim en tal u n certa in tie s  quoted fo r C a ^  v a ry
from  about 8% fo r sm a ll angles in c reas in g  to around 15% fo r  la rg e  
50angles. F o r  T i the u n certa in tie s  a re  about 5% at sm a ll ang les,
around 15% in the m iddle region and as much as 35% at la rg e  ang les.
42In the case  of Ca , as a lread y  d iscu ssed  in ch ap ter 4, the data  is  arc. 
quoted in a rb i t r a ry  un its. However, the re su lts  fo r the e la s tic  and 
ine las tic  sc a tte r in g  a re  consisten t re la tiv e  to each o th er and thus the 
absolute m agnitude of the c ro s s -s e c tio n s  can be found by m ultip lying 
by the no rm alisa tio n  fac to r found in the op tical m odel a n a ly s is . It 
does, how ever, in troduce an additional uncerta in ty  into the a n a ly sis .
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P e te rso n  (Pe 66) m easu red  the d iffe ren tia l c ro s s -se c tio n
42fo r in e las tic  sc a tte r in g  to m any low lying s ta te s  in Ca . The ones
• f  +  4*
of in te re s t  h e re  a re  the low est lying 2 , 4 and 6 s ta te s . The
bom barding energy  was 42 MeV and the angu lar range 14° to 70°.
+
In the case  of the 2 s ta te , the experim en ta l u ncerta in ty  was m ostly
le s s  than 10%. F o r  the 4 s ta te , the u n certa in tie s  w ere  som e-
+ +what la rg e r  than fo r the 2 , and fo r the 6 , w here the m agnitude
of the c ro s s -s e c tio n  was down by an o rd e r  of m agnitude, the 
u n certa in tie s  w ere  a good deal la rg e r , of the o rd e r  of 30%.
F ro m  the re su lts  given by Bruge (B r 67) of s c a tte r in g  by 
T i ^  at 44 MeV, the s ta te s  of in te re s t a re  the f i r s t  2+ and 4+.
The angu lar range of m easu rem en ts of d ifferen tia l c ro s s -se c tio n  
is 11° to 55°. F o r  the 2+ s ta te , the experim en ta l u n ce rta in tie s  
quoted a re  a ll le s s  than 5% and fo r the 4+ s ta te  le ss  than about 10%.
5. 2 R otational Model
In th is section  a re  p resen ted  the re su lts  obtained fo r  the 
42 50analy sis  of Ca and T i in te rm s  of the ro ta tiona l m odel. The 
re su lts  fo rm  a usefu l com parison  with o th er w ork on in e las tic  a lp h a - 
p a rtic le  sc a tte r in g  and a lso  in e las tic  proton sc a tte rin g . The re s u lts  
a re  a lso  usefu l to com pare with the re s u lt  obtained from  the m ic ro ­
scopic  m odel reg ard in g  quality  of fits .
F ig u re s  1 to 4 show typ ical d iffe ren tia l c ro s s -s e c tio n s  o b ­
ta ined  fo r a se lec tion  of the optical m odel potentials found in the
42 50previous ch ap te r fo r Ca and Ti at the various incident en e rg ie s .
T able 1 gives co rrespond ing  values of the deform ation  p a ra m e te rs
ft needed to fit the data. Follow ing B la ir  (B1 60), a lso  shown is  the
deform ation length Rq , the value of which rem ain s m ore  n e a r ly
constant fo r the va rious optical po ten tia ls. In th is  definition 
1/3Rq = r Q A , the halfway rad ius of the re a l  p a rt of the op tical po ten ­
tia l. It is to  be rem em b ered  how ever, th a t the coupling a lso  contains 
a contribution from  the im ag inary  p a rt of the potential. T hese re s u lts  
u se  a coupled channels fo rm ulation . R ecalling  tha t the op tical
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Table 5 .1 . R otational Model D eform ation P a ra m e te rs . 
Coupled Channels C alculations.
Poten tia l Vo % (MeV) ^2
M o  £ o
(F) h
1 54. 6 0. 26 1.46
42Ca 3 208.8 0.28 1. 37
30. 5 4 • 55. 1 0.23 1.3
MeV 5 130. 9 0. 26 1.33
6 217.1 0.29 1. 39
1 47. 0 0. 14 0.78
42Ca 4 212. 3 0.18 0. 85 0. 049
42 10 46.1 0 .14 0. 78
MeV 11 112.1 0.15 0.76
12 187. 7 0.17 0.79
1 28. 1 0. 075 0.46
m- 50 T i 2 61.4 0.08 0.45
30. 5 3 99. 4 0. 08 0.43
MeV 4 ■ 242. 7 0. 09 0 .44
5 61. 0 0.08 0. 45
6 100. 0 0. 08 0.43
7 241. 7 0. 08 0. 39
1 47. 6 0.13 0. 76
T i50 3 196.4 0.16 0. 8
44 4 42.2 0 .14 0.82
MeV 5 88. 5 0.135 0.74
6 207.2 0.15 0.75 0. 067
93
F ig u re s  5.1 to 5 .4
C ro ss -se c tio n s  fo r ine las tic  sc a tte r in g  obtained by the 
ro ta tiona l model. The potentials a re  based  upon the optical 
potentials of table 4. 1 with deform ation  p a ra m e te rs  given in 
tab le  5 .1 . The calculations use  a coupled channels form ulation.
F ig u re  5. 1 
F ig u re  5. 2 
F ig u re  5. 3 
F ig u re  5. 4
42Ca at 30. 5 MeV, 2+
42Ca at 42 MeV, 2+, 4+
—  .50 Ti at 30.5 MeV, 2+
Ti at 44 MeV, 2+, 4+
9 4
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potentials found in the previous chap ter a re  not s tr ic t ly  applicable 
to a coupled channels calcu lation , but only to DWBA, we expect the 
effect of coupling to have som e influence on the e la s tic  sc a tte r in g  
c ro s s -s e c tio n  re su lts . In general, it was found that in th is  work 
the extent of the coupling made little  d ifference to the e la s tic  s c a t ­
te r in g  c ro s s -s e c tio n s . So sm all, in fact, that it sufficed to leave 
the optical m odel p a ra m e te rs  unchanged. This is not so su rp r is in g  
when one considers tha t fo r the c ase s  in question, the contribution 
to the reac tion  c ro s s -s e c tio n  fo r excitation  of the 2+ s ta te  was of 
the o rd e r  of 10 mb w hereas the to ta l c ro s s -se c tio n  fo r e la s tic  
sc a tte r in g  was about 1500 mb. H ere the excited  channel coupling 
constitu tes a sm a ll pertu rba tion  on the e la s tic  channel. Such a 
situa tion  is ce rta in ly  not general, W ills (Wi 63) fo r exam ple, quotes 
cases w here the effect of coupling is such as to n e ce ss ita te  m odifi­
cation of the optical potential in o rd e r  to  re ta in  a good fit to the 
e la s tic  sc a tte r in g  data.
We w ill now co n sid er each of the four cases  in tu rn .
42 +Ca 30. 5 MeV (2 sta te )
+
The data in th is  case  a re  confined to the f i r s t  2 s ta te  only.
A lso .it is to be rem em bered  that in th is case  the data a re  quoted in
a rb i t r a ry  units and m ultip lication  by a no rm alisa tio n  fac to r found
in the e la s tic  sc a tte r in g  analysis is n e ce ssa ry . It was found that
generally  the f i r s t  two d iffraction  peaks could be fitted , tha t is out
to 73°, the quality  of fit beyond th is point is then v e ry  poor. Only
sc a tte r in g  c ro s s -s e c tio n s  out to 73° a re  shown in figure  1, (in the '
e la s tic  sc a tte r in g  analysis,on ly  data out to 68° could be fitted).
T here  was v e ry  lit tle  d ifference found in the c ro s s -s e c tio n s  produced
by the various optical potentials covering  a wide range of po ten tial
depths. The value of the deform ation p a ra m e te r  j3g was of the o rd e r
0. 25, the deeper potentials tending to need a som ew hat la rg e r  value
than the shallow  ones. The quantity jS9 R a lso  shown in tab le  1 wasu o
m ore n e a rly  constant fo r the various potentials at about 1. 35 F .
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42 + +Ca 42 MeV (2 , 4 s ta te s )
4 *  *t* *f*The data in th is  case  a re  fo r the 2 , 4 and 6 s ta te s . The 
+
quality  of fit to the 2 s ta te  was genera lly  quite good. T here  is a
sligh t tendency to the fits  being sligh tly  high fo r the peak at about
22° and a b it low fo r the peak at 57°. In the case  of potential 4
the 4+ s ta te  is a lso  included producing a reasonab le  fit to the data
with /3 = 0. 049. In th is  case  the inclusion of the 4+ s ta te  made
+l it t le  d ifference to the c ro s s -s e c tio n  fo r  the 2 s ta te , th e re  being
a sligh t in c re a se  in m agnitude at the la rg e  angle end of the data.
F u r th e r  runs in which the 6+ s ta te  was a lso  coupled w ere not
possib le  due to the v e ry  la rg e  com puting tim e  that would have been
involved. The values of and BnR found.are shown in tab le  1.2 2 o
It can be seen  that the value of jSgR re m a ins fa ir ly  constant fo r 
a ll the potentials but is substan tia lly  rem oved from  the value o b ­
tained  from  the analysis  at 30. 5 MeV. T his w ill be dealt w ith in 
m ore deta il la te r .
t ^ O  +■Ti 30. 5 MeV (2 s ta te )
+ 42H ere the data a re  fo r the 2 s ta te  only. As fo r Ca the
choice of optical potential made little  d ifference to the quality  of 
fit and a ll produced consisten t values of ^ 2 ^ 0  as s ^own i*1 tab le  1.
The calcu lated  c ro s s -s e c tio n s  genera lly  gave consisten t fits  to  the th re e  
peaks of the data a t 39°, 53° and 67°. On the o th er hand the m inim um  at 
47° was alw ays much deeper than that given by the data and the final 
m inim um  at 74° alw ays pred icted  to be sha llow er than the data. Beyond 
the angu lar range of the data, the calcu lated  c ro s s -s e c tio n s  due to the 
various potentials tended to d iverge som ew hat from  each o ther.
Ti 44 MeV (2 , 4 s ta te s)
In th is case  we have the m ost acc u ra te  experim en ta l data  of
the four cases considered . F o r  potentials 1, 3, 4 and 6 th e re  was
4*a sligh t tendency, in the case  of the 2 s ta te , fo r the fitted  c ro s s  
sec tion  to  be a lit t le  high a t la rg e  angles when the forw ard  angle 
c ro ss -se c tio n s  fitted . P o ten tia l 5 on the o th e r hand produced an
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excellen t fit over the en tire  angu lar range. F o r  potential 6 the
+ 4"4 s ta te  was a lso  included in the coupling, the effect on the 2 s ta te
c ro s s -s e c tio n  was found to be sm all. The fit to the 4 s ta te  is fa ir ,
being som ew hat low at the f i r s t  peak and som ew hat high fo r the final
0
peak of the data. Again a ll potentials produced consisten t d e fo rm a­
tion p a ra m e te rs  but again th e re  was a su b stan tia l deviation from  the 
re su lts  a t 30.5 MeV.
Table 2 gives a com parison  of the deform ation p a ra m e te rs
found in th is w ork with those found by o ther w orkers in th is  field.
42P e te rso n  (Pe 66) perfo rm ed  the f i r s t  analysis of the Ca data, at
42 MeV, used  h e re . L ippincott and B ern ste in  (Li 67) studied  ine la-
42stic  a lp h a -p a rtic le  sc a tte r in g  from  Ca at 31 MeV and S a tch le r,
50
Yntema and B roek (Sa 64, Yn 67) studied Ti a t an energy  of 43 MeV.
Table 5. 2 C om parison of R esu lts of D eform ation P a ra m e te rs
R eference e l a b
(MeV) ^2 ^2Ro(F)
^4 R eaction
This w ork 30. 5 0. 25 1. 37 (a, or’)
C a42 This w ork 42 0.15 0. 78 0. 049
t i
Li 67 31 0. 19 1. 06 0. 067 M
Pe 66 42 0.121 0. 71 I t
Ba 6fi 22. 9 0. 2 0. 87 0.105 (P, P')
T i50
This w ork 
This work
30. 5 
44
0. 08 
0. 15
0 .44  
0. 78 0. 067
(a, a ')
I I
Yn 67 43 0.136 0. 74 0.073 I I
Sa 64 43 0. 15 t t
Fu 64 17. 45 0.15 0. 69 0 . 1 1 (P> P‘)
Gra 6 5 18. 2 0.15 0. 69 I t
A lso shown a re  inelastic proton sc a tte r in g  re su lts  of Bane e t. al.
42 50(Ba 68) on Ca a t 22. 9 MeV and fo r Ti w ork of F unsten  et. al.
(Fu 64) at 17. 45 MeV and G ray et. a l. (Gra 65) at 18. 2 MeV. Note
42that in th is  analysis on Ca at 42 MeV the p red ic ted  value of
*s 0. 78 F, w hereas in PeterSonfe analy sis  the value 0. 71 F
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was found. The d isc repancy  can be explained by the way the fit to 
the data was decided. P e te rso n  fitted  the m agnitude of the  c ro s s -  
section  to the data at the f i r s t  peak a t 22° w hereas in th is analysis  
the m agnitude of was chosen so as to give the b est o v e ra ll fit 
to  the data. In th is  way it was found that the fitted  c ro s s -s e c tio n  
was alw ays high a t th is f i r s t  maximi™ by an amount which is su ff ic ­
ient to explain the d iscrepancy . It can be seen  that the re s u lts  fo r 
42 50Ca and T i a t 30. 5 MeV a re  su b stan tia lly  d ifferen t from  the
50
genera l trend  of deform ation p a ra m e te rs . F o r  T i the p re d ic ­
ted  deform ation  p a ra m e te rs  a re  low, a lm ost by a fac to r of 2, w here- 
42as fo r Ca the values a re  v e ry  la rg e . C om paring the re su lts  fo r 
42Ca with those of L ippincott and B ern ste in  (Li 67), which w ere  
found on the sam e a c c e le ra to r  at a lm ost the sam e energy but with 
m uch im proved reso lu tion , th e re  a re  c le a r ly  la rg e  d isc rep an c ies .
Leaving aside  the re su lts  at 30. 5 MeV, from  the rem ain d e r, fo r
42 +Ca we see  the 2 s ta te  deform ation length cen tred  about £LR =
50 2 °0. 83 F with a s c a t te r  of about 35%. F o r  Ti the value is j80R =2 o
0. 72 F  with a sm a lle r  s c a tte r .
5. 3 M icroscopic Model
The sh e ll model w ave-functions used  w ere  as d e sc rib ed  in 
chap ter 4, based  upon a Saxon-W oods potential w ell. The p a ra ­
m e te rs  of the w ell gave r is e  to a charge density  d is trib u tio n  which 
produced e la s tic  e lec tro n  sc a tte r in g  in ag reem en t with experim en t 
and a lso  fitted  the known sep ara tio n  en erg ies  (El 67, Sw 66, Sh 65). 
The in e las tic  sc a tte r in g  form  fac to rs  o r  effective in te rac tio n s 
resu ltin g  from  such a m icroscop ic  m odel have been d iscu ssed  by 
se v e ra l au thors (Ma 65, Sa 66, Pe 66). Such form  fac to rs  a re  
genera lly  b ro ad e r than th e ir  co llective  m odel co u n te rp arts  (which 
a re  deriva tives of the optical potential). They extend into the n u c ­
le a r  in te r io r  and out beyond the n u c lea r su rface . A lso they  a re  not 
positive definite and m ay fluctuate in sign . They peak close  to the 
peaks of the constituent w ave-functions which a re  w ell inside  the
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optical potential rad iu s . B ecause the in teg ra l fo r the form ation  of 
the fo rm  fac to rs  Eq. 3. 28 is weighted by a fac to r r*, the form  
fac to rs  fo r tran s itio n s  to s ta te s  of high angu lar m om entum  peak 
fa r th e r  out than those of low I value. F ig u re  5 shows exam ples of
form  fac to rs  fo r  various configurations calcu lated  fo r the ground to
+ 422 tran s itio n  in Ca . A lso shown fo r com parison  is a typ ical d e r i ­
vative Saxon-W oods te rm  used  in the ro ta tiona l model ana ly sis .
F ig u re  6 shows exam ples of the fo rm  fac to rs  fo r tran s itio n s  from
+ + + 42the ground to 2 , 4 and 6 s ta te s  fo r Ca
42Law (La 68) produced, fo r Ca , w ave-functions including
configuration m ixing fo r various re s id u a l two-body in te rac tio n s .
40He re ta ined  the Ca core  as in e rt and solved fo r the con figu ra­
tion s ta te s  of the two e x tra  co re  neu trons. He found he could fit
■f* ■}*the energy  leve ls  fo r th e  ground and low est lying 2 , 4 and 6
s ta te s  but was unable to produce the ex tra  low lying 0+ and 2+
s ta te s  anyw here n e a r  the known excita tion  en erg ies . He concluded.
with re fe ren ce  a lso  to w ork on tran s itio n  ra te s , that the e x tra  0 
■I*and 2 "states could not be explained without co re  excitation . Table
3 shows his wavefunctions fo r the ground, 2 , 4 and 6 s ta te s
with a Tabakin potential (Ta 64) as the re s id u a l in te rac tio n , which
is typ ica l of a ll the potentials he considered . Note tha t fo r  a ll 
2
s ta te s  the (1 f^) configuration is by f a r  the m ost dom inant one.
2 +F ig u re  7 shows the fo rm  fac to r fo r the ground to 2 s ta te  t r a n s i ­
tion fo r  these  configuration m ixture s ta te s  as com pared  to the pure  
2( l f t )  s ta te s . It was found in th is a n a ly s is , w ith Saxon-W ood sh e ll
2
m odel w avefunctions, that the 2 d^ 2  s ta te  was not bound (as against 
Law who used  o sc illa to r  wavefunctions). It was thus n e c e s sa ry  to 
delete  those configurations from  L aw 's wavefunction involving the 
2 d5 / 2  s t ate  and m ake app rop ria te  re -n o rm a lisa tio n  to the rem ain ing  
configurations. In a ll cases  the 2ds/2 te rm s  w ere v e ry  sm a ll. As 
can be c le a rly  seen  from  figure 7, the d ifference betw een the sim ple  
and configuration m ixed form  fac to rs  is  v e ry  sm a ll and thus can be 
expected, as indeed was found, to give r is e  to v e ry  s im i la r  sc a tte r in g .
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F ig u re  5. 5 Exam ples of m icroscop ic  m odel form  fac to rs  fo r
+ 42the tran s itio n  from  the ground to 2 s ta te  in  Ca fo r various
configurations. A lso shown, fo r com parison , is an exam ple of
a derivative  Saxon-W oods potential (which constitu tes the form
fac to r fo r the collective  model).
F ig u re  5. 6 The figure  shows fo r Ca , m icroscop ic  m odel
form  fac to rs  fo r the tran s itio n s  from  the ground s ta te  to final
s ta te s  2 , 4 and 6 . The form  fac to rs  which a re  due to the 
.2( l f n ) configuration a re  shown to a rb i t r a ry  sca le .
2
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O \
V-
(F )
  l(1f7/2)2, 0 > ^  Klf7/2),  2>
  idfs^ )2, o > - *  Kif5/2)2, 2>
  K2P3^ )2, 0 >  -» l(2p3/2)2 2>
  Klf7/2)2 0 > ^  Hf7/22P3/2(2>
o  o  o  o derivative Saxon -Woods
Figure 5 - 5
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R
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Figure 5 • 6
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42T able 5. 3 C onfiguration M ixture C oefficients fo r Ca (La 68) 
Em ploying a Tabakin re s id u a l in te rac tio n .
Ground State
f) q(12) = 0. 9597 ( I f ,)  + 0.1657 (2p3/ 2) + 0. 0925 (2 P ,)2
-  0. 0663 ( lg g /2) -  0. 0273 (2dg/2)2 + 0 .1 943(lf5/ 2)
2* State
f 2 (12) = 0. 9518 ( I f , ) 2 + 0. 272 (l% 2p3/ 2)
-  0. 0423 ( I f ,  l f 5/ 2) + 0. 061 (2 p3/ 2)2 
- 0 .  0641(2p3/ 22 P i> 0 . 0321 (2p3/ 2l f 5/ 2)
+ 0. 0523(2?^ l% /2)-0. 0543 ( lg g /2)2 
- 0 .  0269(1 gg/22d5/2)2-0 . 0136(2d5/ 2)2
+ 0. 0529(lf5/ 2)2
4+ S tate
^  (12) = 0. 9873 ( I f , ) 2 + 0.1106 ( I f ,  2p3/ 2)
-  0. 0669 ( I f ,2 p , ) -  0. 0667 (I f , I f  , )
2 2 2 Of O
- 0 .  0529 (2p3/2l ^ / 2 ) -  0. 0211 ( lg g/2)2 
- 0 .  008 ( lg 9/ 2 2d5/ 2) -  0. 0049 (2d5/ 2)2 
+ 0.0265 ( l f5/ 2)2
6+ State
06 (12) = 0. 9941 ( I f , ) 2 - 0 .  1079 ( I f ,  l f 5/ 2)
-  0. 0113 ( lg 9 /2 )2 -  0. 0021 ( lg 9/ 22d5/2)
Configuration
Mixture
Form
Factors
(arbitrary 
units)
8
R (F )
F igu re  5. 7 M icroscopic model fo rm  fac to rs  fo r the tra n s itio n  
from  the ground to 2+ s ta te  in C a ^ .  The figure  shows the form  
fac to r calcu lated  using L aw 's (La 68) g en era lised  configuration 
m ix ture  wavefunctions as com pared to the pure (1 f i ^  configuration.
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The sam e a lso  holds tru e  fo r the 4 and 6 s ta te s . F o r  th is 
reaso n  the use  of configuration m ix ture  s ta te s  was not pursued.
B la ir  (B1 59) showed that fo r strong ly  absorbed  p a rtic le s  
such as a lp h a -p a rtic le s , w here the in te rac tion  is confined to  the 
n uc lear su rface ,th e  g en era l c h a ra c te r is tic s  of sc a tte r in g  c ro s s -  
sections can be p red ic ted  from  a knowledge of the spin  and p a rity  of 
the final s ta te . The exact shape of the fo rm  fac to r is known to have 
little  effect on the fo rm  of the sc a tte r in g  c ro ss -se c tio n , only its  
m agnitude, which de te rm ines the m agnitude of the c ro s s -se c tio n , is 
im portan t (Ba 62). B a sse l et. a l (Ba 62) showed that the position 
of the fo rm  fac to r could be moved rad ia lly  by se v e ra l fe rm i, with 
litt le  effect upon the resu ltin g  c ro ss -se c tio n , provided one keeps 
it c le a r  of the n u c lea r in te r io r . Only M adsen and Tobocman (Ma 65) 
have found evidence that the shape of the c ro s s -s e c tio n  is at a ll 
sen sitiv e  to the shape of the fo rm  factor. They investigated  the 
influence of v a ria tio n s to both the n u c lea r sh e ll m odel w ell p a ra ­
m e te rs  and a lso  the range of the a lpha-nucleon  potential. They 
found no su b stan tia l sen sitiv ity  to the fo rm e r, fo r reasonab le  values 
of the w ell p a ra m e te rs , but did find that the a lpha-nucleon potential 
range had som e influence on the frequency  of the d iffrac tion  pa ttern . 
They showed th is  to  be due to the la rg e  r  behaviour of the fo rm  
fa c to rs . T h e ir  wavefunctions did, how ever, include considerab le  
co llective c o rre la tio n s  which probably influenced the sen s itiv ity  
to the shape of the fo rm  fac to rs . In the p resen t analysis v a ria tio n
of the range p a ra m e te r  of the alpha-nucleon  potential from  K =
-1 -1 0.9435 F to K = 0. 565 F had litt le , if any, effect upon the
shape of the resu ltin g  in e las tic  c ro s s -se c tio n s . F o r  th is rea so n
the bulk of calcu lations w ere  done with K = 0. 5 F The s tre n g th
Vq was considered  as a free  p a ra m e te r  to be ad justed  in o rd e r  to
fit the absolute m agnitude of the sc a tte r in g  c ro s s -s e c tio n s .
As a lread y  d iscussed , the two approaches used  h e re  a re  as 
follow s. F ir s t ly  the in e las tic  fo rm  fac to rs  a re  used  in conjunction 
with a phenom enological optical potential; in th is  way one can be
109
confident that at le a s t the e la s tic  sc a tte r in g  is well described . This 
m ethod a lso  allows a com parison  to be made of the effect tha t the 
various optical potentials have on the sca tte rin g . In each case  
ranges cf optical potentials a re  em ployed that v a ry  in depth from  
around 50 MeV to 200 MeV. Secondly the optical potentials a re  
them selves derived  using  the m icroscop ic  m odel as d esc rib ed  in 
ch ap ter 4. This allows one to see  if it is possib le  to obtain a con­
s is te n t d escrip tion  of e la s tic  and in e las tic  sca tte rin g . In th is case  
the s treng th  Vq of the alpha-nucleon in te rac tio n  needed fo r  the 
e la s tic  sc a tte r in g  op tical potential and th a t fo r  the in e las tic  fo rm  
fac to rs  a re  considered  to be independent. A com parison  betw een 
the coupled channels and DWBA form ulations was a lso  m ade.
5 .3 .1 . Inelastic  sc a tte r in g  em ploying a phenom enological op tical
potential
All the re su lts  in th is section  a re  from  DWBA calcu lations.
F ig u re s  8 to 11 show exam ples of the c ro s s -se c tio n s  fo r 
in e las tic  sc a tte r in g  due to various op tical po ten tials, chosen to 
cover a wide range of depths. Table 4 gives the co rrespond ing  
values of the alpha-nucleon potential s tren g th  Vq needed in  o rd e r  
to  rep roduce  the absolute m agnitude of the experim en ta l data. As 
the re su lts  u se  a DWBA form ulation , the various excited  s ta te s  a re  
considered  independent and thus the co rrespond ing  values of Vq 
needed fo r each s ta te  can a lso  be chosen independently.
The four cases  of data analysed  w ill now be d iscu ssed  in
tu rn .
42 +Ca 30. 5 MeV. (2 s ta te )
As fo r the case  of the ro ta tiona l m odel, sa tis fa c to ry  fits  to 
the experim en ta l data could only be found fo r sc a tte r in g  angles le s s  
than 73°. The quality  of fit found was v e ry  m uch the sam e fo r  a ll 
th re e  op tical po ten tials, and a ll needed s im ila r  alpha-nucleon  po ten ­
tia l  s tren g th s of around 300 MeV, which is f a r  in excess of the fre e  
alpha-nucleon potential of about 50 MeV. C om pared to the re s u lts
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F ig u re  5 .4  A lpha-nucleon potential s tren g th s (V ) needed with 
a phenom enological op tical potential. The ca lcu la ­
tions a re  DWBA,
P oten tia l V
(MeV)
Vq(2+)
(MeV) V0(4+)
C a42 4 55. 1 300
30. 5 5 130. 7 300 • -
MeV 6 217. 2 300
42Ca 10 46. 1 120 100
42 11 112.1 160 100
MeV 12 187. 7 150 100
m.50T i 5 61. 1 100
30. 5 6 100. 0 100
MeV 7 241. 7 100
Ti 4 42. 2 210 210
44 5 88. 5 220 220
MeV 6 207.2 205 200
found in the ro ta tiona l m odel analysis  the quality  of fit was v e ry  
m uch the sam e.
42 + +Ca 42 MeV (2 , 4 s ta te s)
The two deeper op tical potentials gave good fits  to  the 2+ 
s ta te  sc a tte r in g  data, as can be seen  from  figure  9, a lm o st as good 
in fact, as was found in the ro ta tiona l m odel ana ly sis . The sh a llo w ­
e r  potential on the o th er hand gave a v e ry  poor fit. W here the a lpha- 
nucleon potential s tren g th  was chosen to fit the peak at 22°, the 
m agnitude of the c ro s s -se c tio n  p red ic ted  at subsequent m axim a is 
f a r  too low. All th re e  potentials gave fits  of s im ila r  quality  to  the
I l l
F ig u re s  5 .8  to 5.11
C ro ss -se c tio n s  fo r ine las tic  sc a tte r in g  with m icroscop ic  
model fo rm  fac to rs  and phenom enological optical po ten tials. The 
optical potentials a re  chosen to cover a wide range of depths. The 
calculations a re  a ll DWBA.
F ig u re  5 .8  C a ^  at 30.5 MeV, 2+
F ig u re  5 .9  Ca at 42 MeV, 2+, 4+
50 +F ig u re  5. 10 T i at 30.5 MeV, 2
50 + +F ig u re  5.11 Ti at 44 MeV, 2 , 4
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•{*
4 s ta te  sc a tte r in g  data , which w ere  a lm ost of the sam e standard
as those due to the ro ta tiona l m odel. In a ll cases  an inconsistency
ex is ts  betw een the 2 and 4 s ta te s  as to the s tren g th  of the a lp h a -
+nucleon potential needed. F o r  the 2 s ta te  th is is always c lose  to
+
150 MeV while fo r the 4 the value is about 100 MeV. Both a re  
fa r  rem oved from  the free  a lpha-nucleon s tren g th  and a lso  tha t found 
from  the analysis  a t 30. 5 MeV.
50 +T i 30. 5 MeV (2 s ta te )
42H ere, as in the case  of Ca a t 42 MeV, the quality  of the
■f
fit to the 2 s ta te  due to  the shallow er op tical potential is v e ry  pooh. 
W here the m agnitude has been chosen to fit the data a t fo rw ard  angles 
it is  too la rg e  a t back angles. The in te rm ed ia te  optical potential, 
of depth 100 MeV, produced a m odera te  fit. The b est fit was due 
to the deepest potential, the quality  of which was com parab le  with 
those of the ro ta tiona l m odel In each case  the s tren g th  the a lpha- 
nucleon potential needed was around 100 MeV.
50 + +Ti 44 MeV (2 , 4 s ta te s)
Again the shallow  optical potential gives a poor fit to  the  2
s ta te  data, as shown in figure 11. Choosing the s tren g th  of VQ
such that the c ro s s -se c tio n  fitted  the experim en ta l data at the f i r s t
'm axim a, the c ro s s -se c tio n  subsequently  p red ic ted  is f a r  too low
urn
except fo r the final maximfc, fo r which it is  fa r  too la rg e . The 
in te rm ed ia te  potential produced a reasonab le  fit to the data  and 
the deep potential a good fit. The shallow  potential a lso  gave a 
poor fit to the 4 s ta te , being too la rg e  a t back ang les. The two 
d eep er potentials each  gave reasonab le  fits  to  the 4+ s ta te  data.
The quality  of the b e tte r  fits is quite com parab le  with those due to
the ro ta tiona l m odel. In th is  case  the s tren g th  of V needed is con-
+ + °  s is te n t fo r the 2 and 4 s ta te s , m each  case  being about 200 MeV.
5 .3 .2  F u ll M icroscopic Model
H ere we u se  as the optical po ten tials those of the m ic ro sco p ic
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m odel found in chap ter 4. F ig u re s  12 to 16 give exam ples of the 
in e las tic  sc a tte r in g  c ro s s -s e c tio n s  found and table  5 gives a su m ­
m ary  of the a lpha-nucleon potential s tren g th s requ ired . Both 
coupled channels and DWBA calcu lations a re  p resen ted . Each of 
the four cases  w ill again be considered  in tu rn .
Table 5. 5 A lpha-N ucleon potential s treng th s fo r  full m ic ro ­
scopic calculation.
V
(O ptical k v o(2+) V (4+) o v o(6+) Method
Poten tia l) (MeV) (MeV) (MeV)
42Ca 43. 6 0 315 DWBA
30. 5
MeV
42Ca 35. 6 0 140 90 ~  140 DWBA
42
MeV 35. 6 0 140 (90)* CC+
T i50 34. 9 0 110 DWBA
30. 5 
MeV 34. 9 0 110 CC
__.50Ti 36. 3 0 190 190 DWBA
44
MeV 36. 3 0 190 190 CC
42. 5 0. 6 190 190 CC
+ CC = coupled channels
* R enorm alised  value needed to fit the data.
42 +Ca 30.5 MeV (2 s ta te )
As can be seen  in figure 12 the quality  of fit to the data  is 
about the sam e as was found in the previous sec tions using  a pheno­
m enological op tical potential. The s tre n g th  of the a lpha-nucleon  
potential VQ is a lso  about the sam e as p rev iously  found, being 
about 316 MeV. This p a rtic u la r  re su lt shown is due to  a DWBA 
calculation .
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F ig u re s  5.12 to 5.16
C ro ss -se c tio n s  fo r ine las tic  sc a tte r in g  fo r the fully m ic ro ­
scopic calculation. Exam ples a re  shown of both coupled channels and 
DWBA calcu lations.
F ig u re  5.12 42Ca at 30,.5  MeV, 2+
F ig u re  5 .13 Ca42 at 42 MeV, 2+,
F ig u re  5 .14 Ca42 at 42 MeV, 6+
F ig u re  5.15 T i50 at 30. 5 MeV, 2+
F ig u re  5.16 T i50 at 44 MeV, 2+,
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4 2  4- +  +Ca 42 MeV (2 , 4 and 6 s ta te s) .
In the case  of the DWBA calcu lation  shown in figure  13, the
4* +quality  of fit fo r both the 2 and 4 s ta te s  is  a lm ost as good as
fo r the deep phenom enological optical potential, and needs about the
4* 4*sam e alpha-nucleon  potential s tren g th s , the 2 and 4 s tren g th s
again being inconsisten t. A lso shown a re  the coupled channels
calcu lations w here only the ground and 2+ s ta te s  a re  coupled and
4" 4"that w here the ground, 2 and 4 s ta te s  a re  coupled. In the case  
4*of the 2 s ta te , the th re e  c ro s s -se c tio n s  shown a re  a ll v e ry  s im ila r . 
The DWBA and two leve l coupled channels c ro s s -se c tio n s  a re  a l ­
m ost iden tica l. The th re e  level calcu lation  shows a slig h tly  m ore  
pronounced d iffraction  p a tte rn  and a sligh t sh ift tow ards the sm a ll
angle end of the sc a le . Due to the inconsistency  in the req u ire d
4* 4*s tren g th  of Vq needed to fit the 2 and 4 lev e ls , the c ro s s -
sec tion  shown fo r  the 4+ s ta te  from  the th re e  leve l coupled channels
calcu lation  is m ultip lied  by a n o rm alisa tio n  constant to b rin g  it into
line with the DWBA re su lt. C om paring the p red ic ted  c ro s s -s e c tio n s  
4*fo r the 4 s ta te  due to the DWBA and coupled channels m ethods it
can be seen  the coupled channels c ro s s -s e c tio n  fa lls  off m ore  slow ly
4*w ith in c reas in g  angle. With re g a rd  to the 6 level, shown in figure
14, the fit is poor and the experim en ta l e r r o r s  la rg e . The c ro s s -
sec tion  fa lls  off m uch too rap id ly  with the angle. The s tre n g th  V
+
needed is  of the sam e  o rd e r  as fo r  the 2 s ta te .
5 0  +T i 30.5 MeV (2 s ta te )
As shown in figure  15, b o th  DWBA and coupled channels
m ethods produce a lm ost iden tica l c ro s s -s e c tio n s , which a re  of
a quality  com parable with those of the ro ta tio n a l m odel. The DWBA
c ro s s -s e c tio n  tended to be a l it t le  g re a te r  in m agnitude at the la rg e
anlge end of the data. Both calcu lations need about the sam e alpha-
nucleon potential streng th , V , of about 110 MeV.
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5 0  +  4-
T i 44 MeV (2 and 4 s ta te s)
H ere, with the m ost accu ra te  data, we a lso  get the best fits
4* 4*to the c ro s s -s e c tio n s . We have consistency  betw een the 2 and 4 
s ta te s  in m agnitude of c ro s s -se c tio n s  with an a lpha-nucleon poten­
t ia l  s tren g th  of 190 MeV. The coupled channels and DWBA re su lts  
a re  i llu s tra te d  in figure  16. The DWBA, the two leve l and a lso  the
th re e  leve l coupled channels calculations produce v e ry  s im ila r  fits  
4"to the 2 s ta te  experim en ta l data. A lso, both the DWBA and
4"coupled channels m ethods produce v e ry  s im ila r  re su lts  fo r  the 4 
s ta te . The quality  of fits  is  quite com parab le  with those obtained 
by the ro ta tiona l m odel. A lso shown is a coupled channels c a lc u la ­
tion of the case  w here the a lpha-nucleon  in te rac tion  was made den ­
s ity  dependent with k = 0. 6, as d escribed  in ch ap te r 4. As can be 
seen  the quality  of fit so  produced is m uch the sam e as in the o th e r 
c a se s .
5. 4 Sum m ary
In genera l it was found that the d ifferences betw een the 
c ro s s -se c tio n s  due to the coupled channels and DWBA calcu lations 
w ere quite sm all. The use  of coupled channels made lit tle  d if fe r ­
ence to the fo rm  of the e la s tic  sc a tte r in g  c ro s s -s e c tio n s , and the
4*inclusion  of the 4 s ta te  had lit t le  effect upon the c ro s s -s e c tio n  of 
4*the 2 s ta te .
The DWBA m ethod has the advantage that the com pu ter tim e  
needed to  evaluate c ro s s -se c tio n s  is  m ore  o r  le s s  l in e a r  w ith the 
num ber of s ta te s  included. On the o th er hand with coupled channels 
the com puting tim e  in c reases  v e ry  rap id ly  with the num ber of 
coupled s ta te s . F o r  exam ple, on the A tlas com puter, a two lev e l 
calcu lation  takes of the o rd e r  of one m inute and a th re e  lev e l c a lc u ­
lation  twenty m inutes. This re p re se n ts  the upper lim it possib le  
with the availab le  sy stem . A four leve l calcu lation  would have run  
fo r m any hours and was out of the question. The experience  gained 
in th is w ork suggests that the use  of coupled channels ca lcu la tions
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should be confined to those cases w here the coupling betw een s ta te s  
is known to be im portan t.
It was found that the choice of a phenom enological op tical 
potential had litt le  influence upon the s tren g th  of the a lpha-nucleon 
potential needed, although very  definite evidence was found to su g ­
gest that the d eep e r potentials a re  m ore  sa tis fa c to ry  in  re g a rd  to
42the shape of the re su ltin g  c ro s s -s e c tio n s . Only in the case  of Ca 
a t 30. 5 MeV was th e re  no im provem ent in quality  of fit in going 
from  a shallow  to a deep potential, but in th is  case  it is  to be re m e m ­
bered  that only a sm a ll range of the availab le  data is being fitted .
The su p e r io rity  of the d eep e r potentials is  encouraging as these  
co rrespond  m ore  c lose ly  to the m icro scop ic  m odel op tical po ten­
t ia ls , and m ay in fact be used  as evidence in helping to  reduce the 
am biguity  in the choice of optical potential.
The fully m icroscop ic  descrip tio n  of the nucleus has been 
shown to be capable of producing c ro s s -s e c tio n  p red ic tions, fo r  
both the e la s tic  and in e las tic  sc a tte rin g , of a quality  com parab le  
with tha t of the co llective  model.
The values of Vq a re , as one would expect, m ore o r  le s s  
p roportional to the co rrespond ing  deform ation  p a ra m e te rs  found in 
the ro ta tiona l m odel ana ly sis .
The s tre n g th  of Vq was in a ll cases fa r  s tro n g e r  than  the 
fre e  a lpha-nucleon value of about 50 MeV. It follows that it was 
not found possib le  to give a consisten t d e sc rip tio n  of both e la s tic  
and in e las tic  sc a tte r in g  with the sam e a lpha-nucleon  in te rac tio n  
fo r both.
42The o ld er data analysed, tha t at 30. 5 MeV fo r Ca and
50T i suggested  big d ifferences betw een the two nuclei in re g a rd  to
deform ation  p a ra m e te rs  j3g , which is not found in the la te r  h ig h er
energy  data, o r  in the genera l tren d  of values shown in tab le  2
found by o th e r w o rk e rs . F o r  th is  rea so n  re su lts  obtained with
th is  e a rly  data should not be given m uch weight. We a re  le ft with
42 50the fact that an enhancem ent,for both Ca and T i in the a lpha-
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nucleon poten tial,o f about th re e  to four tim es the free  value is 
req u ired .
50In the m icroscop ic  d escrip tion  of Ti it was found that 
with a su itab le  choice of the a lpha-nucleon  potential, consistency
"f
betw een the 2 and 4 s ta te s  ex isted . This gives som e e n co u r­
agem ent to  the m odel of trea tin g  the nucleus as a closed  co re  of
48 42Ca plus two e x tra  co re  p ro tons. It was found fo r  Ca how ever
*f. .j.
that it was not possib le  to d esc rib e  both the 2 and 4 s ta te s
consisten tly  in th is  m anner, a d ifferen t value of Vq being needed
fo r each. T his suggests the  situation  fo r th is nucleus, as expected,
is m ore com plex than the sim ple  m odel used. The inclusion  of
configuration m ixing of the two e x tra  co re  neu trons had litt le  effect,
although m ore re a lis tic  w ave-functions, including co re  excita tion
m ay w ell im prove the situation .
The fac to r th ree  to four in the a lpha-nucleon potential
s tren g th  needed is in line with m any of the o th e r re su lts  published
in th is field  and d escribed  in the in troduc to ry  chap ter. Only
M adsen and Tobocm an (Ma 65) have produced re su lts  in which a
re a lis tic  a lpha-nucleon potential s tren g th  has been used . In th e ir  
58w ork on Ni , the n u c lea r wavefunctions included considerab le  
configuration m ixing, they  found the various te rm s  gave c o n s tru c ­
tive  in te rfe ren ce  in the ta ils  of the w avefunctions leading to a 
s tro n g  su rface  peaked form  fac to r.
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CHAPTER 6 
Sum m ary and Conclusions
In th is sec tion  the re su lts  which w ere  given o r  im plied in 
the previous chap ters  a re  b rie fly  re s ta te d  in o rd e r  to see  what con 
elusions can be draw n. Tow ards the end of the section  som e su g g es­
tions a re  made reg a rd in g  possib le  extensions to th is work.
F ro m  the phenom enological optical m odel analysis the 
im portance of the ro le  played by the s tro n g  absorp tion  rad iu s was 
shown. It was seen  that a ll op tical potentials which gave s a t is fa c ­
to ry  agreem en t with the experim en ta l data gave r is e  to m ore o r  
le ss  iden tica l s tro n g  absorp tion  rad ii. It was a lso  shown that the 
potential at th is  rad iu s was rem ark ab ly  constant and that th is  
form ed the b as is  of a c rite r io n  fo r op tical potentials which was 
m ore genera l than  the Igo c rite r io n  ( which held only fo r sm a ll 
changes in d iffuseness).
F ro m  the m icroscop ic  descrip tion  of e la s tic  sc a tte r in g  it 
was shown that with an alpha-nucleon in te rac tio n  s im ila r  to the 
free  fo rm , the m odel led to optical potentials which ag reed  with the 
phenom enological potentials in the im portan t su rface  region . The 
q u a lity  of the fits  to the experim en ta l c ro s s -s e c tio n s  w ere r e m a rk ­
ably good considering  the sm a ll num ber of p a ra m e te rs  involved.
The s tro n g  absorp tion  ra d ii w ere v e ry  close  to the co rrespond ing  
values found from  the conventional analysis  and the potentials at 
th ese  rad ii w ere  a lso  v e ry  s im ila r . However it was a lso  shown 
in ch ap ter 4 that the m odel allowed a considerab le  la titude in the 
fo rm  of the alpha-nucleon potential and a lso  in the n u c le a r density  
d istribu tion . Changes made in one p a ra m e te r  could be com pensated  
by changes e lsew here  with little  influence on the resu ltan t sc a tte r in g .
In p a rtic u la r  it was shown that the contribution  to the op tical po ten ­
tia l  from  the n u c lea r in te r io r  could be m odified considerab ly . This 
la rg e  latitude in the choice of the various p a ra m e te rs  is because  the 
sen sitiv e  reg ion  fo r sc a tte r in g  is around the s tro n g  abso rp tion  rad iu s , 
which is w ell c le a r  of the n u c lea r density  d istribu tion . Any reaso n ab le
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form  fo r the n u c lea r density  which is b road ly  c o rre c t in the su rface  
reg ion  is likely  to lead  to a sa tis fa c to ry  optical potential. The 
m odel in its p resen t fo rm  w ill th e re fo re  not y ield new inform ation  
on n u c lear density  d is trib u tio n s. This position will rem ain  u n ­
changed un less substan tia l im provem ents a re  made in determ in ing  
the form  of the tw o-body in te rac tion . With such an im provem ent 
the m odel m ay w ell prove a usefu l way of studying the density  
d istribu tion  of the n u c lea r su rface .
It was shown that the m icroscop ic  descrip tion  of in e las tic  
sc a tte r in g  could yield  fits  to the sc a tte r in g  data com parable with 
those found by the ro ta tiona l m odel. It was encouraging to find 
that when used  in conjunction with phenom enological op tical po ten­
t ia ls , the d eep er ones, which resem b led  m ore c losely  those found 
by the m icroscop ic  approach, proved to  be the m ore sa tis fa c to ry . 
This fact can be used  as evidence in helping to decide which of the 
m any phenom enological potentials should be used  in calcu lations.
The m ajo r problem  found was that a la rg e  enhancem ent of about 3 
to  4 tim es the free  value of the alpha-nucleon  irte rac tio n  was needed 
in o rd e r  to fit the m agnitude of the sc a tte r in g  data. This p reven ted  
any idea of producing a consisten t d escrip tio n  of e la s tic  and in e las tic  
sc a tte r in g . Such an enhancem ent has been found n e c e ssa ry  by m ost 
o th er w ork e rs  in th is field  and un less a sa tis fa c to ry  explanation is 
found it w ill se r io u s ly  lim it the u sefu lness of the approach. The 
m odel may, how ever, be used  to p red ic t the re la tiv e  s tren g th s  of 
s c a tte r in g  to the various final s ta te s . Being able to co n sis ten tly  , 
d esc rib e  the sc a tte r in g  fo r many s ta te s  would give confidence in
the descrip tio n  of the nucleus. It was shown that a consisten t
+ + 50d escrip tion  of sc a tte r in g  to the 2 and 4 s ta te s  in Ti was
42possib le  w hereas in Ca th is was not so . Thus som e additional
50evidence was found to support the be lie f that T i is c lo s e r  to  the
42sim ple  sh e ll m odel idea of a co re  plus two nucleons than  is Ca 
The in e las tic  sc a tte r in g  c ro s s -s e c tio n s  w ere  not found to  be v e ry  
sen sitiv e  to the range of the alpha-nucleon  potential. F o r  a lpha-
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p a rtic le s  which a re  s trong ly  absorbed , the sc a tte r in g  c ro s s -se c tio n s  
can la rg e ly  be p red ic ted  from  the d iffraction  model, the fo rm  fa c ­
to r  fo r the m ost p a rt de term in ing  the m agnitude only. The use  of 
protons as the p ro jec tile  in place of a lp h a -p a rtic le s  m ay prove a 
m ore sensitive  m eans of studying s tru c tu re  as being le s s  s trong ly  
absorbed  a re  th e re fo re  m ore  strong ly  influenced by the n u c lea r 
in te r io r . This should how ever be weighed against the additional 
com plexity  in the fo rm a lism  fo r pro tons, as sp in  would be involved, 
and a lso  the fact that c ro s s -s e c tio n s  fo r proton sc a tte r in g  g e n e r­
a lly  show le s s  s tru c tu ra l  de ta il than in the a lp h a -p a rtic le  case .
In these  calcu lations it was found that the s im p le r  DWBA 
was as sa tis fa c to ry  as the coupled channels m ethod and as long 
as the coupling betw een excited  s ta te s  is weak th is fo rm e r method 
allows s im p le r  and qu icker calcu lations.
42It would be in te res tin g  if a calcu lation  fo r  Ca w ere  p e r ­
form ed with m ore re a lis tic  w avefunctions, including co re  excita tion , 
to  see  if it is then possib le  to obtain a consisten t d escrip tio n  of 
sc a tte r in g  to the various s ta te s . It would a lso  be in te re s tin g  if a 
calculation  w ere  done, involving se v e ra l nuclei, having sim ple  
w ell understood s tru c tu re , each with experim en ta l data covering  
sc a tte r in g  to  se v e ra l s ta te s  to see  how fa r  the idea of p red ic ting  
the re la tiv e  s tren g th s  of sc a tte r in g  is useful.
APPENDIX 3.1
N uclear T ran sitio n  D ensity
The n u c lea r tra n s itio n  density  is  given by Eq. 3.12 as
1  • 1V1' r,2 r
The fo rm  of the wavefunctions fo r  the ex tra  core  nucleons 
^I3V[(12) is given by e ith e r  Eq. 3 .14  o r  Eq. 3.15 depending as to 
w hether o r  not the two nucleons have the sam e nij quantum  num bers . 
We sha ll consider h e re  the m ore general case  w here both in itia l 
and final s ta te s  a re  given by Eq. 3 .15 , that is
The a lgeb ra  fo r  the o th er case s  w here the  in itia l, final o r  
both s ta te s  a re  given by Eq. 3 .14  is exactly  the sam e, the an sw er 
d iffering  only in the n o rm alisa tio n  fa c to r  asso c ia ted  with the w ave-
sligh tly . F o r  the case  w here n ’i ' j ’ = n Mi Mj M a second te rm  o ccu rs  
of the sam e fo rm  with the ro les  of the quantum  num bers re v e rse d .
Substitu ting the form  of the w avefunctions into the above 
equation fo r p (r) we see  that of the fou r te rm s  in the in teg ra l, 
th re e  w ill v an ish  due to o rth o g o n a lity ., F o r  the rem ain ing  te rm , 
on in teg ra ting  and sum m ing over sp in  coord ina tes, we get te rm s :
: ~ > C(jj»I. m m 'M )C (isj, v w m jC fl's j1, xym 1)
V2 "vwxy
m m 1
0 i 1m ,(12) = i  X )  C (jj" l ',m  m lMl)C (is j,v w m )C (i''s j '1, xym 1)
V2 vwxy
m m '
v w x  y v w x  y
4! (1) X (1) «|i (2) X ( 2 ) -  «|i (2) X (2) «|i (1) X (1)
nl s n Mi M s n i s n Mi M s
functions. We w ill a lso  take n 'f ’j 1/  n Mi Mj M to sim p lify  m a tte rs
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5( v, v ) ; 6(w, w ); 6(y, y)
Sum m ing over v and w gives
C(jj*I, m m'M ) C(l* s j f, xym 1)
x x
.C ( j j" r ,  m m lM‘)C (i,,s j n, xym 1) i|/ (r) + (r)
n 'i ' n Mi"
x X
W riting i|i (r) = R (r) Y (O r) , we m ay m ake use  
n ’i 1 n ’i ’ i 1
of the coupling ru le  fo r  sp h e rica l harm onics (Ro 63, page 61).
F ro m  the v ec to r coupling coefficients we see  tha t fo r n o n -ze ro  
te rm s
m + m f = M; x + y = m 1; m + m f = M1; x + y = m '
Solving we find x - x = M - Mf which is  substitu ted  into the 
sp h e rica l harm onic. With sligh t rea rran g e m en t of the te rm s  we 
can proceed to  rep lace  the sum m ations over the m agnetic quantum  
num bers using  the sum m ation p ro p e rtie s  of the R acah coefficien ts 
(Ro 63  ^ page 110) to give:
m m 'M jC li’s j 1, xym 1) 
qxyx_
m m 'm '
. C (jj“i 1, m m ,Ml)C (ins j" , x y m 1) C ( i 'i ,lq, ~x,x, x-x)
(2jg,+ l)(2 fll-H)
47r(2q+l)
M -m
( f i r )
q
. C(f " i ’q, 000)C(I'q I, M», M -M ', M)
. W (j" l'j 'I , jq )W (i'j 'l ,,j ,,.sq )
~ (2jgl-H)(2jgM4-l )(2 j '+1 )(2 j "+1 )(2I+1) 
47T
Which is the req u ired  form .
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Scattering of Medium-Energy Alpha Particles
I I I ,  A nalysis of E la s t ic  and I n e la s t i c  S c a tte r in g  
from ^ C a  and 50Ti
•f
C. G. Morgan and Daphne F . Jackson
Department of P h y sic s , U n iv e rs ity  of Surrey,
G u ild fo rd , England.
A b strac t
A combined a n a ly s is  i s  made of e l a s t i c  and in e la s t i c  s c a t te r in g  of 
medium energy a - p a r t i c le s  from ^ C a  and 50T i. This i s  f i r s t  done in  terms 
of the  g en e ra liz ed  o p t ic a l  model. A conven tional DWBA a n a ly s is  of the  
in e la s t i c  s c a t te r in g  i s  then made u sing  phenom enological o p t ic a l  p o te n t ia ls  
to  g en era te  the  d is to r te d  waves b u t using  a m icroscopic d e s c r ip t io n  of the  
n u c lea r e x c i ta t io n  co n stru c ted  from an e f f e c t iv e  two-body in te r a c t io n  and 
s h e l l  model w avefunctions fo r  the  n u c le u s . F in a l ly ,  a f u l l y  m icroscopic  
c a lc u la t io n  i s  made to  g ive a c o n s is te n t d e sc r ip tio n  of th e  e l a s t i c  and 
in e la s t i c  s c a t te r in g ,  and i t  i s  shown th a t  th is  model i s  capab le  of produ­
cing  r e s u l t s  which a re  com parable, in  terms of q u a li ty  of f i t  to  the  d a ta , 
to  those given by the  g en e ra liz ed  o p t ic a l  model.
t  . . .P resen t ad d re ss : Department of Atmospheric P h y sics , U n iv e rs ity  of Oxford.
1. Introduction
1 2In two p rev ious papers ’ we have s tu d ied  th e  e l a s t i c  s c a t te r in g  of 
medium energy a p a r t i c l e s  using  a phenom enological o p t ic a l  p o te n t ia l  
(paper I)  and a m icroscopic model fo r  th e  o p tic a l  p o te n t ia l  (paper I I ) .
We have now extended th e se  c a lc u la t io n s  to  g ive a combined a n a ly s is  o f 
e l a s t i c  and in e la s t i c  s c a t te r in g  from two se le c te d  n u c le i ,  ^2Ca and 50T i,
We f i r s t  use th e  g en era liz ed  o p t ic a l  model and make a coupled channels 
a n a ly s is  of th e  e l a s t i c  and in e la s t i c  s c a t te r in g .  This a llow s us to  com­
pare  th e  p re d ic t io n s  g iven  fo r  in e la s t i c  s c a t te r in g  by the  v a rio u s  o p t ic a l  
p o te n t ia ls  ob ta ined  in  I ,  and by ex p ressing  th e  n u c lea r m a trix  elem ents in  
term s of th e  r o ta t io n a l  model we can e x tra c t  v a lu es  fo r  th e  deform ation  
param eters £0 and th e  p roducts  30R which can be compared w ith  v a lu esAt X/ O
ob tained  from o th e r s tu d ie s  of the  same n u c le i .  We then  make a DWBA 
a n a ly s is  of the  in e la s t i c  s c a t te r in g  using  th e  phenom enological o p tic a l  
p o te n t ia ls  to  g en era te  th e  d is to r te d  waves bu t using  a m icroscopic  d e s c r ip ­
tio n  o f th e  n u c lea r e x c i ta t io n  in  term s of an e f f e c t iv e  two-body i n t e r ­
a c tio n  and s h e l l  model w avefunctions fo r  th e  n u c leu s . F in a l ly ,  we make a 
f u l ly  m icroscopic  c a lc u la t io n  to  g ive a c o n s is te n t d e s c r ip t io n  of the  
e l a s t i c  and in e la s t i c  s c a t te r in g .  This i s  done in  both  the  DWB and 
coupled channels approxim ations.
For th e  m icroscopic c a lc u la t io n s  th e  n u c lea r w avefunctions a re  con­
s tru c te d  from th e  s h e l l  model c o n fig u ra tio n s  o f the  two e x tra -c o re  
nuc leons, i . e .  two neu trons o u ts id e  lf0Ca and two p ro to n s  o u ts id e  lf8Ca.
I t  was hoped th a t  th i s  would be a reasonab ly  s a t i s f a c to r y  procedure  fo r  
50Ti but was n o t expected to  be s a t i s f a c to r y  fo r  **2Ca in  which core  e x c i t a ­
t io n  i s  known to be im portan t. The second 0+ and 2+ s ta t e s  in  **2Ca have 
no t been in c luded . The e f fe c t iv e  in te r a c t io n  fo r  i n e la s t i c  s c a t te r in g  in
DWBA or th e  coupling  p o te n t ia ls  fo r  th e  coupled channels c a lc u la t io n  a re  
then  co n stru c ted  as th e  m atrix  elem ents o f th e  e f f e c t iv e  two-body (a-nucleon) 
in te r a c t io n  between the  a p p ro p ria te  n u c lea r s t a t e s ,  i . e .
o ~ , C R > . -  P m . ( £ )  V e f f < l E  - R l ) d r
where p , i s  the  t r a n s i t io n  d e n s ity  nn J
A |
I  6 ( t  -  r . )  n> . 
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V __ i s  taken  to  be of gau ssian  form, in s te ad  of th e  s in g le  Yukawa form 
used in  I I ,  and th e  param eters a re  determ ined by f i t t i n g  th e  e l a s t i c  s c a t­
te r in g  using  th e  o p tic a l  p o te n t ia l  Uq q . The ground s ta t e  d e n s ity  pQQ and 
th e  t r a n s i t io n  d e n s i t ie s  a re  c a lc u la te d  from s in g le - p a r t ic le  w avefunctions 
generated  in  Saxon-Woods p o te n t ia l s .  These w avefunctions have th e  c o r re c t  
sep a ra tio n  e n e rg ie s , as f a r  as th e se  a re  known, and the  p ro to n  d is t r ib u t io n s  
y ie ld  agreement w ith  e l a s t i c  e le c tro n  s c a t te r in g .
2. Generalized optical model
The coupled channel c a lc u la t io n s  were c a r r ie d  ou t using  a computer code
based on the  one developed by W ills  and a lso  using  th e  A tla s  l ib r a r y  code
. 3 . .developed by H i l l  . These codes gave id e n t ic a l  r e s u l t s  fo r  th e  same in p u t
d a ta  and could be used to  d e sc r ib e  the  coupling  o f up to  th re e  le v e l s .  We
3used the  r o ta t io n a l  model of W ills  , in  which th e  g e n e ra liz e d  o p tic a l  
p o te n t ia l  i s  expanded in  Legendre polynom ials. This causes th e  au tom atic  
in c lu s io n  of c e r ta in  h igher o rd er term s in  the  co u p lin g . However, our p u r­
p o se  in  th ese  c a lc u la t io n s  was n o t to  study th e  re lev an ce  of t h i s  model but 
r a th e r  to  compare th e  p re d ic t io n s ,  w ith in  th e  framework o f t h i s  model, g iven  
by th e  v a rio u s  o p tic a l  p o te n t ia ls  ob ta ined  in  I ,  and to  o b ta in  f i t s  to  th e  
d a ta  which could be compared in  term s of q u a li ty  of f i t  to  those  ob ta ined  by 
the  m icroscopic method.
4 • +P e te rso n  has measured the  c ro s s -s e c tio n s  fo r  e x c i ta t io n  o f th e  2 and
4+ s ta te s  in  Ca a t  42 MeV. A v a r ie ty  of param eters fo r  o p t ic a l  p o te n t ia l s  
o f Saxon-Woods form which had p rev io u s ly  been ob ta ined  from th e  a n a ly s is ^ ’"*
of the  e l a s t i c  s c a tte r in g  d a ta  a lo n e , were used and gave a g e n e ra lly  good f i t
+ + to  th e  d a ta  fo r  th e  2 s t a t e .  In c lu s io n  of th e  4 s ta t e  in  th e  coupled chan'
n e ls  c a lc u la t io n  made l i t t l e  d if fe re n c e  to  th e  c ro s s -s e c tio n  c a lc u la te d  fo r
th e  2+ s t a t e .  For 50T i, the  c ro s s -s e c tio n s  fo r  e x c i ta t io n  o f th e  2+ and 4+
s ta t e s  have been measured by Bruge e t  a l^  a t  44 MeV. In th i s  case  a l s o ,  th e
in c lu s io n  of th e  4 s ta t e  had l i t t l e  e f f e c t  on the  c ro s s -s e c t io n s  fo r  th e  2
s t a t e .  Typical r e s u l t s  fo r  th e  c ro s s -s e c tio n s  a re  shown in  F ig u res  1 and 2
and the  v a lu es  of $2, 3^ and 32RQ are  g iven  in  Table I .
I t  can be seen from Table I  th a t  the  d i f f e r e n t  o p tic a l  p o te n t ia l s  p ro ­
duce c o n s is te n t r e s u l t s  fo r  32 and 32RQ» In  Table I I  we g ive  th e  v a lu es  of
th e se  param eters found in  an a ly ses  of o th e r d a ta  fo r  th e  same n u c le i ,  and 
from th e se  i t  appears th a t  our r e s u l t s  a t  42-44 MeV a re  in  s a t i s f a c to r y  
agreement w ith  a l l  o th e r a n a ly se s .
3. Elastic scattering in the microscopic model
In  th is  work th e  a-nucleon  in te ra c t io n  i s  taken to  be of gaussian  
form , i . e .
„  /„  „S _ ,, -K2 ( r  -  R) 2
e f f  ~ "  $  "  -  Vo e “ “ *
A p re lim in a ry  e s tim a te  o f th e  param eters Vq and K was o b ta ined  by 
re q u ir in g  th a t  the  c a lc u la te d  o p tic a l  p o te n t ia l  has the  same shape as the  
phenom enological o p t ic a l  p o te n t ia l  in  th e  im portan t su rfa ce  re g io n . This 
g a v e ^  Vq z  50 MeV, K = 0 .5  F 1. I t  was a lso  found th a t ,  in  th e  su rface  
re g io n , v a r ia t io n s  in  K changed the  m agnitude o f the  p o te n t ia l  b u t had 
l i t t l e  e f f e c t  on the  shape. For th is  reason  the param eter K was f ix e d  a t
0 .5 F 1. The c a lc u la te d  p o te n t ia l  Uqo(R) was then used in  an o rd in a ry
o p t ic a l  model search  code. The im aginary p a r t  of the  p o te n t ia l  was taken
to  have the  same r a d ia l  behav iou r, and s tre n g th  determ ined by an a d d it io n a l  
param eter Wq . The sea rch  code then determ ined the  va lues o f the  two p a ra ­
m eters Vq and Wq which y ie ld  a b e s t  f i t  to  each s e t  of e l a s t i c  s c a t te r in g  
d a ta .  The c a lc u la te d  c ro s s -s e c tio n s  a re  compared w ith  th e  d a ta  in  F igu res 
3 and 4 , and the  re le v a n t param eters a re  g iven in  Table I I I .  Comparison 
w ith  th e  r e s u l t s  given in  I  shows th a t ,  the  q u a li ty  o f f i t  i s  comparable 
to  th a t  ob ta ined  u sing  a phenom enological p o te n t ia l  w ith  many more p a ra ­
m e te rs . The va lues o f the  s tro n g  ab so rp tio n  r a d i i  and the  m agnitudes 
of the  r e a l  and im aginary p a r ts  of the  p o te n t ia l  a t  th e  s tro n g  ab so rp tio n
r a d i i ,  V(R.) and W(R,), a re  id e n t ic a l  to  those  o b ta ined  in  I .2 2
The o p t ic a l  p o te n t ia l  has a lso  been c a lc u la te d  w ith  a d e n s i ty -  
dependent in te r a c t io n  u sing  the exp ress io n
U (R) =
00 ~ poo(r )  ve f f (£ ■ k poo ( r ) /p oo (0 )} d~
where POQ(r )  i-s the  n u c lea r d e n s ity  in  th e  ground s t a t e  and Ve ^  i s  s t i l l  o f
gaussian  form . The e f f e c t  of v a ry ing  the  param eter k between zero  and
u n ity  i s  to  reduce the  c o n tr ib u tio n  from the  in n e r reg io n  of the  n u c le u s .
However, in  o rd er to  f i t  th e  d a ta  the  param eters V , Wq must be in c reased
as k i s  in c reased  so th a t  the  p o te n t ia l  rem ains th e  same in  th e  su rfa ce
re g io n , as can be seen from the  p o te n t ia ls  shown in  F igure  5 and the
r e s u l t s  a re  given in  Table IV. Some f i t s  to  the  d a ta  w ith  k ^ 0 a re  shown
in  F igu res 3 and 4. In  c o n tr a s t ,  comparison w ith  the  r e s u l t s  ob ta ined  in
I I  using  a Yukawa in te r a c t io n  confirm s the  conclusion  reached in  I I  th a t
the  form of i s  of c ru c ia l  im portance fo r  a s a t i s f a c to r y  f i t  to  the  d a ta .
The g au ssian  in te r a c t io n  used h ere  i s  s u f f ic ie n t ly  sh a rp ly  peaked so th a t  i t
produces an o p tic a l  p o te n t ia l  w ith  th e  re q u ired  behaviour in  th e  su rfa ce
reg io n  whereas th e  Yukawa in te r a c t io n  produced a p o te n t ia l  which was too
d if fu s e  and hence d id  n o t reproduce the  pronounced d i f f r a c t io n  minima of the
e l a s t i c  s c a t te r in g  d a ta .  By fo ld in g  a gaussian  nucleon-nucleon  p o te n t ia l
. 1 4in to  the  n u c lea r d e n s ity  o f the  a - p a r t i c l e ,  B e rn ste in  has de riv ed  a 
gaussian  a-nucleon  p o te n t ia l  w ith  param eters Vq and K which a re  very  c lo se  
to  those  determ ined in  th i s  a n a ly s is .  I t  i s  encouraging th a t  th e re  i s  
reasonab le  agreement between the  two s e ts  of param eters s in ce  th i s  sug­
g e s ts  th a t  th e re  i s  in te r n a l  co n sis ten cy  in  the  m icroscopic  d e s c r ip t io n , 
but c lo se  agreement i s  p robably  fo r tu i to u s  in  view o f the  number of 
approxim ations made in  both  c a lc u la t io n s .
4. Inelastic scattering in the microscopic model
The gaussian  a-nucleon  in te r a c t io n  was a lso  used to  c o n s tru c t the  
e f f e c t iv e  in te r a c t io n  fo r  e x c i ta t io n  of low -ly ing  s ta t e s  in  it2Ca and 50T i.
I t  was found th a t  th e  e f f e c t  of c o n fig u ra tio n  mixing o f the  two e x tra -c o re  
nucleons i s  n e g l ig ib le  and so the  n u c lea r  w avefunctions were co n stru c ted
from the  ( I f 7 ) 2 c o n f ig u ra tio n . F igure  6 shows the  behaviour o f the  r a d ia l
2
p a r t s ,  o r  form f a c to r s ,  of the  e f f e c t iv e  in te ra c t io n s  fo r  the  e x c i ta t io n  of 
the  2+, 4+ and 6+ s ta t e s  in  42Ca. The magnitude of the  e f f e c t iv e  i n t e r ­
ac tio n s  should be fix ed  by the  s tre n g th  Vq o f the  a-nucleon  p o te n t ia l  which 
has been determ ined from the  a n a ly s is  of the e l a s t i c  s c a t te r in g  d a ta  des­
c rib ed  in  s e c tio n  3 . We p re fe r re d , however, to  t r e a t  Vq as a f r e e  p a ra ­
m eter in  the  i n e l a s t i c  s c a t te r in g  and then to  use th e  comparison of the  
v a lu es  o f Vq req u ire d  as a t e s t  of the  m icroscopic model.
In  the  f i r s t  s e t  o f DWBA c a lc u la tio n s  the  d is to r te d  waves were gener­
a ted  in  the  phenom enological o p t ic a l  p o te n t ia ls  o f Saxon-Woods form which 
were p rev io u s ly  used in  the  c a lc u la tio n s  w ith  th e  g en e ra liz ed  o p t ic a l  model 
desc rib ed  in  s e c tio n  2. For ^ C a  a t  42 MeV the  two deeper o p t ic a l  
p o te n t ia ls  used gave good f i t s  to  the  in e l a s t i c  c ro s s -s e c tio n  fo r  th e  2+ 
s t a t e ,  as can be seen from F igure  7, b u t the  shallow  p o te n t ia l  gave a very  
poor f i t .  A ll th re e  p o te n t ia ls  gave good f i t s  to  the  i n e l a s t i c  c ro s s -  
s e c tio n  fo r  the  4+ s t a t e ,  b u t the  va lu es  of Vq re q u ire d  to  f i t  th e  magni­
tude o f th is  c ro s s -s e c tio n  d i f f e r  from the  v a lues re q u ired  to  f i t  th e  2+ 
s t a t e  o r th e  e l a s t i c  s c a t te r in g .  These values a re  given in  Table V. For 
^°Ti a t  44 MeV, the  deep p o te n t ia l  again  g ives a good f i t  to  th e  2+ c ro s s -  
s e c tio n  w hile  the  shallow  p o te n t ia l  g ives a poor f i t ,  as can be seen from
F igure  8 . The in te rm ed ia te  and the  deep est p o te n t ia l  bo th  y ie ld  rea so n -
•  +  # # a b le  f i t s  to  the  4 c ro s s -s e c t io n , and m  th is  case the  same v a lu e  o f Vo
• • •}■ 4*i s  re q u ire d  fo r  the  2 and 4 s t a t e s .
F in a l ly ,  the  f u l l  m icroscopic  model was used fo r bo th  DWBA and coupled
channels c a lc u la tio n s*  In  the  l a t t e r ,  the  d iagonal coupling  p o te n t ia ls
were c a lc u la te d  u sin g  the  e f f e c t iv e  a-nucleon  in te r a c t io n  ob ta ined  by f i t t i n g
th e  e l a s t i c  s c a t te r in g  d a ta , b u t the  s tre n g th  o f the a-nucleon  in te ra c t io n
used to  c a lc u la te  th e  o ff-d ia g o n a l terms was allow ed to  vary* In  a coupled
channels c a lc u la t io n  w ith  two le v e ls  included  th is  procedure lead s  to  two
d if f e r e n t  va lues o f V which a re  a sso c ia te d  in  Table VI w ith  th e  0+ and 2+o
s ta t e s  fo r  ease  o f comparison w ith  the  DWBA r e s u l t s .  When th re e  le v e ls  a re  
included  the  same procedure i s  follow ed and the  s tre n g th  Vq used fo r  the  
d ia g o n a l terms i s  a sso c ia te d  w ith  the  2+ s t a t e .  In  the  case of th e  th re e
le v e l c a lc u la t io n  fo r  42Ca i t  was necessa ry  to  re -n o rm alise  the  p re d ic te d
•  •  •  •4 c ro s s -s e c tio n  to  b rin g  i t  in to  agreement w ith  the d a ta  and the  DWBA
c a lc u la t io n ,  and the  p roduct of the  re -n o rm a lisa tio n  fa c to r  and the  s tre n g th
Vq has been given in  Table VI as the  s tre n g th  Vq fo r  the  4+ s t a t e .  In  a l l
cases the  coupling p o te n t ia ls  a re  r e a l .
For 42Ca a t  42 MeV the  DWBA c a lc u la tio n s  y ie ld  f i t s  to  the  2+ and 4+ 
c ro s s -s e c tio n s  which a re  q u ite  comparable w ith  those  ob ta ined  in  s e c tio n  2 , 
as can be seen from F igure  9 , b u t the  f i t  to  the  6+ c ro s s -s e c tio n  i s  p o o r.
The v a lues of Vq req u ired  a re  in  agreement w ith  those re q u ire d  in  the  
p rev ious DWBA a n a ly s is  w ith  th e  deep o p t ic a l  p o te n t ia l  b u t a re ,  u n fo r tu n a te ly , 
n o t co n stan t fo r  a l l  the  le v e ls  c o n sid e red . The two le v e l  coupled channels 
c a lc u la tio n  y ie ld s  alm ost id e n t ic a l  r e s u l t s  to  the  DWBA c a lc u la t io n ;  th e re  
i s  a s l ig h t  change in  the  r e s u l t s  ob ta ined  when th re e  le v e ls  a re  inc luded  
and i t  i s  necessa ry  to  re -n o rm alise  the  4+ c ro s s -s e c tio n  to  o b ta in  a magni­
tude f i t  to  the  d a ta . For 50Ti a t  44 MeV, th e  DWBA and coupled channels 
c a lc u la tio n s  y ie ld  good f i t s  to  th e  d a ta , as shown in  F igure  10, and the  
value  o f Vq used fo r  the  o ff-d ia g o n a l p o te n t ia ls  i s  c o n s ta n t, as i t  should 
b e . One coupled channels c a lc u la tio n  was made w ith  the  d e n s ity  dependent 
e f f e c t iv e  in te r a c t io n  desc rib ed  in  s e c tio n  3 , and i t  was found th a t  th e  qual** 
t i t y  o f f i t  and the  values of Vq req u ire d  were comparable w ith  th e  o th e r  
c a lc u la t io n s .
5. Discussion
We conclude from th ese  r e s u l t s  th a t  the  f u l l  m icroscopic model i s  
capable of producing c ro s s -s e c tio n s  fo r  e l a s t i c  and in e la s t i c  s c a t te r in g  
of medium energy a - p a r t i d e s  which a re  comparable in  term s o f q u a li ty  of 
f i t  to  those  produced by the  g en e ra liz ed  o p tic a l  model. When the  m icro­
scopic model i s  used fo r  in e la s t i c  s c a t te r in g  o n ly , by f a r  th e  b e s t r e s u l t s  
a re  ob tained  when the  deep o p tic a l  p o te n t ia ls  w ith  V s  200 MeV a re  used . 
Since th e se  deep p o te n t ia ls  correspond c lo se ly  to  the p o te n t ia ls  c a lc u la te d  
from th e  m icroscopic model, we take  th i s  as evidence fo r  the  im portance of 
a c o n s is te n t trea tm en t o f e l a s t i c  and in e la s t i c  s c a t te r in g .
The d e s c r ip tio n  we have given fo r  th e  two n u c le i 42Ca and ^ T i  in  
terms of the  s h e ll  model w ithou t core e x c i ta t io n  i s  e v id en tly  inadequate  
and th i s  has shown up in  the  v a r ia t io n s  of the  a-nucleon  s tre n g th  p a ra ­
m eters l i s t e d  in  Tables V and VI. I t  i s  re a s s u r in g , however, th a t  th ese  
param eters show a more uniform  behaviour fo r  50T i, where we expect th e  
n u c lea r model to  be le s s  d e fe c tiv e , than  fo r  42Ca. W ithin the  framework 
of th i s  n u c lea r model th e  e f f e c t  o f coupling i s  r a th e r  sm all, so th a t  any 
u n c e r ta in t ie s  in  our trea tm en t of th e  coupling should no t a f f e c t  th e  
gen era l con c lu sio n s .
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Captions for the figures
F igu re  1 .
F igure  2.
F ig u re  3 .
F igu re  4 .
F igure  5 .
F igu re  6 .
F igu re  7 .
The c ro s s -s e c tio n s  fo r  in e l a s t i c  s c a t te r in g  from If2Ca a t
42 MeV ob ta ined  using  the  g en e ra liz ed  o p tic a l  model. The 
param eters a re  given in  Table I .
The c ro s s -s e c tio n s  fo r  i n e la s t i c  s c a t te r in g  from 50Ti a t
44 MeV ob ta ined  u sing  the g en e ra liz ed  o p t ic a l  model. The 
param eters a re  given in  Table I .
The c ro s s -s e c t io n  fo r  e l a s t i c  s c a t te r in g  from 42Ca a t  42 MeV 
ob ta ined  u sing  the  m icroscopic  model. The param eters a re  
given in  Tables I I I  and IV.
The c ro s s -s e c tio n  fo r  e l a s t i c  s c a t te r in g  from 50Ti a t  44 MeV 
o b ta ined  using  the  m icroscopic  m odel. The param eters a re  
given in  Table I I I .
The o p t ic a l  p o te n t ia ls  fo r  1+2Ca c a lc u la te d  from the  m icro­
scop ic  model, and used to  gen era te  the  c ro s s -s e c tio n s  shown 
in  F igure  3.
The form fa c to rs  of the  e f f e c t iv e  in te r a c t io n  fo r  the  e x c i ta -
afa af» afa
t io n  of the  low est 2 , 4 and 6 s ta t e s  in  42Ca c a lc u la te d  
from th e  m icroscopic model.
The c ro s s -s e c tio n s  fo r  in e l a s t i c  s c a t te r in g  from ^ C a  a t  
42 MeV ob ta ined  u sing  the  m icroscopic  model in  DWBA w ith  
phenomenological d i s to r t in g  p o te n t i a l s .  The param eters 
a re  given in  Table V.
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F igure
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8 . The c ro s s -s e c tio n  fo r  i n e l a s t i c  s c a t te r in g  from 50Ti a t
44 MeV ob ta ined  using  the  m icroscopic model in  DWBA w ith  
phenom enological d is to r t in g  p o te n t i a l s .  The param eters 
a re  given in  Table V.
9 . The c ro s s -s e c tio n s  fo r  i n e l a s t i c  s c a t te r in g  from 42Ca a t
42 MeV obta ined  u sing  the f u l l  m icroscopic  model. The 
param eters a re  given in  Table V I.
10. The c ro s s -s e c tio n s  fo r  in e la s t i c  s c a t te r in g  from 50Ti a t
44 MeV ob ta ined  u sing  the  f u l l  m icroscopic m odel. The 
param eters a re  given in  Table VI.
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d is to r te d  waves which a re  c a lc u la te d  from phenom enological o p t ic a l  p o te n t ia l s .  m e rorm ana 
param eters o f the e f f e c t iv e  in te r a c t io n  a re  a lso  a source of u n c e r ta in ty . In  o rd e r to  e lim in ­
a te  th ese  u n c e r ta in t ie s  we have made a f u l ly  m icroscopic  c a lc u la t io n  o f e l a s t i c  and i n e l a s t i c  
a - p a r t i c le  s c a t te r in g  from tf2Ca and 50Ti a t  42-44 MeV. We re p o r t  here  the  r e s u l t s  fo r  e l a s t i c
s c a t te r in g  and the conclusions reached reg a rd in g  the two-body in te r a c t io n .  ;
The re a l  p a r t  o f the o p t ic a l  p o te n t ia l  i s  c a lc u la te d  from the  form ula,
U(R) = p(r)V e ^ ^ (r-R )d r , and the e f f e c t iv e  a-nucleon  in te r a c t io n  i s  taken to  be o f gaussian
form, ve £ j = -  Vq exp{-K2 (r-R )2} o r  of d en sity -d ep en d en t form,
=* -  ^ p ( r ) / p (0 ) }exp{-K2 (r -R )2}, where Vq , K, k a re  r e a l  p a ram ete rs . The im aginary
p a r t  i s  taken to  have the same r a d ia l  behaviour as the r e a l  p a r t  b u t w ith  s tre n g th  determ ined by 
an a d d it io n a l param eter W • The ground s t a t e  d e n s ity  p (r )  i s  c a lc u la te d  from s in g le - p a r t i c le  
w avefunctions generated  from Saxon-Woods p o te n t ia l s ;  th ese  w avefunctions have the  c o rre c t 
s e p a ra tio n  e n e rg ie s , as- f a r  as they a re  known, and the  p ro ton  d e n s ity  y ie ld s  agreement w ith  e la s ­
t i c  e le c tro n  s c a t te r in g  d a ta . V a ria tio n s  in  the value  o f K around 0 .5  fra * do n o t change the 
shape of the p o te n t ia l  in  the im portan t su rfa ce  re g io n . For th is  reaso n , K was fix e d  a t  
0 .5  fm 1 and the  search  code then determ ined va lues o f VQ, W which gave the b e s t  f i t  to  the  
d a ta .  The q u a li ty  o f f i t  i s  q u ite  comparable w ith  th a t  ob ta ined  by Jackson and Morgan (Phys. 
Rev. 175.(1968). 1402) u sing  phenom enological p o te n t ia ls  and f a r  su p e r io r  to  th a t  o b ta ined  by 
Jackson and Kembhavi (Phys.Rev. 178 (1969) ) u sing  a Yukawa form fo r  Ve £ f  The values of
the s tro n g  a b so rp tio n  r a d i i  R  ^ and the r e a l  and im aginary p a r ts  of the p o te n t ia ls  a t  Rj a re  
id e n t ic a l  w ith  p rev ious r e s u l t s  of Jackson and Morgan. The e f f e c t  of va ry in g  the  param eter k 
between zero  and u n ity  i s  to  reduce the c o n tr ib u tio n  from the  i n t e r io r  o f the  n u c leu s , b u t in
o rd e r to  f i t  the d a ta  the  param eters V , W must be in c reased  as k i s  in c re a se d . Two sucho o
p o te n t ia l s  which f i t  the d a ta  a re  
shown in  the  f ig u r e ,  and compared 
w ith  a Saxon-Woods p o te n t ia l  / 
which a lso  f i t s  the d a ta .
By fo ld in g  a gaussian  nucleon- 
nucleon p o te n t ia l  in to  the 
a - p a r t i c le  d e n s ity , B e rn ste in  
(Advances in  P h y sic s , to  be pub­
lish e d )  has derived  a gaussian  
a-nucleon  in te r a c t io n  whose p a ra ­
m eters a re  very  c lo se  to  those 
ob ta ined  h e re . This suggests 
th a t  th e re  i s  in te rn a l  co n sis ten cy  
in  the m icroscopic  d e sc r ip tio n  and 
is  supported  by the  f a c t  th a t  
th e re  i s  a d if fe re n c e  o f only 2% 
in  the values o f Vq which give the 
b e s t  f i t  to  the d a ta  fo r  **2Ca and 
50Ti*
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